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Consistency of limiting and bounce averaged diffusion coefficients in pitch angle
diffusion and energetic electron precipitation in the inner radiation belt
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Limiting and bounce averaged diffusion coefficients are calculated at different L-values in the inner radiation zone. The
results show that their calculated values decrease with increasing equatorial pitch angles (). The values of bounce averaged
diffusion coefficient at ot = 90° are found to be nearly 2-3 orders of magnitude lower than those at o = 30°, whereas limiting
diffusion coefficients approach a zero value at a = 90°. The results agree well with the experimental fact that farther the
pitch angles from the loss cone, less efficient is the diffusion of electrons into the loss cone and that the energetic electrons
having pitch angles close to 90° are stably trapped in the inner radiation zone.
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1 Introduction

The pitch angle scattering of resonant electrons by
incoherent wide-band whistler-mode waves such as
ELF/VLF hiss emissions has proven to be a major
loss mechanism for radiation belt electrons. Such
wave-particle interactions may result in the formation
of a slot between inner and outer radiation belts'?.
The possibility of wave-particle interactions and
precipitation of energetic electrons in the inner
radiation belt is highly enhanced when the region is
intensified with ELF/VLF hiss emissions™*. The
association of plasmaspheric ELF hiss with the low
latitude precipitation zone is well recognized™®.

Pitch angle diffusion and resulting inner belt
energetic electron precipitation is generally studied by
calculating pitch angle diffusion coefficients. Jain and
Singh’ studied the pitch angle scattering and diffusion
of energetic electrons during geomagnetic storms at
the lower edge of inner radiation belt in terms of
gyro-resonance interaction involving whistler-mode
waves of natural origin as well as those radiated from
ground-based transmitters. Jain and Singh® interpreted
the L-dependent peaks observed in the energy spectra
of quasi-trapped inner belt electrons in terms of
cyclotron-resonance involving both natural and man-
made whistler-mode waves. Jain and Singh’ and
Prakash and Agrawal'’ observed a positive role of LF
decca signals in the storm-time energetic electron
precipitation at lower L-shells (L < 1.5) in the inner
radiation belt. However, the calculated pitch angle

diffusion coefficients in these studies””'’ are found to

increase with increasing pitch angle. This trend of
diffusion coefficients is, however, contrary to the fact
that farther the pitch angles from the loss cone, less
efficient will be the diffusion of electrons into the loss
cone. Further, there are experimental evidences
indicating that the energetic electrons with large pitch
angles close to 90° are stably trapped in the inner
radiation belt''. This problem needs a satisfactory
explanation.

In this paper, an attempt has been made to resolve
the above problem by calculating limiting and bounce
averaged diffusion coefficients at different L-values in
the inner zone. The results show that the calculated
values of diffusion coefficients decrease with the
increasing values of pitch angle. This trend of
diffusion coefficients clearly indicates that the pitch
angle variation of both limiting and bounce averaged
diffusion coefficients is consistent with the fact that
farther the pitch angles from the loss cone, less
efficient is the diffusion of electrons into the loss cone
and that the electrons with large pitch angles near 90°
are stably trapped in the inner radiation zone.

2 Theoretical background and expressions used
According to Kennel and Petschek'?, the diffusion
strength is parametrized by the relation
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in which «, is the equatorial loss cone angle, D the
diffusion coefficient and 7§ is electron’s escape time
(roughly a quarter of bounce period) which is given
by
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where, L is the Mcllwain parameter, Ry the earths
rodius (6370 km) and Vi the resonant velocity of the
e.ectrons.

Quantitatively, if Z >>1, the diffusion is weak and
for Z << 1, the diffusion is strong. We consider the
limiting case (Z = 1) here. Then, Egs (1) and (2) give
the following expression for limiting diffusion
coefficient.

p, =2t e 3)
LR,

Thus, D, is directly proportional to Vi at a given

equatorial location because el LRy is constant there.

The maximum losses by pitch angle diffusion
occur for electrons in resonance with that part of
whistler-mode  spectrum  exhibiting  maximum
intensity. So, for first order cyclotron resonance
interaction, the bounce averaged pitch angle diffusion

coefficient D(ct) may be approximated by the
relation"
) 2
D(o) = ",Qf X B, : .. @
E(E -1)"" (B) ww)Aw

where, B, is the whistler-mode wave amplitude near
resonance, B, the equatorial geomagnetic field, Aw
the frequency range about the resonance frequency ®
for which pitch angle scattering occurs, E, the
normalized relativistic energy of resonant electrons
and p (w) the refractive index of waves of frequency
o. In Eq. (4), the resonance pitch angle is taken to be
near cos o = Y2 (Ref. 13).

The normalized relativistic energy of resonant
electrons is deduced from the relation

E = (y-1) )
In which ¥ = [1-V;/¢* cos® a] ™ is the relativistic
factor. The resonance velocity Vg is calculated from
the relation'*"

Vi= Vk=P/Q s (6)
where,
P=—wk+ [0’ K+ (Q°- %) Q] .. (D

and
0=k +Qz2 I cos’ o s, (8)
In Eqgs (7) and (8), & is the wave vector (i.e. k = pw/c).

3 Experimental data (wave magnetic field)

Tsurutani et al.'"® report the observation of intense
ELF hiss emissions aboard OGO-6 satellite in the
inner radiation zone at ~450 km altitude during
geomagnetic storm periods. The emissions have an
average peak power spectral density of 4x107 y* Hz'
at 550 Hz and a bandwidth of Aw /21 = 300 Hz. This
intensity is extrapolated to the low latitude equatorial
plane assuming a 5dB enhancement. The extra-
polated intensity is found to be 1.26x10° y* Hz™'
which gives a wave field of 19.44 my at 550 Hz. The
wave field at 3.2 kHz is deduced from latitudinal
profiles of wave magnetic field intensity observed by
ARIEL-3 satellite at 500 km in the ionosphere'’. The
wave intensity is found to be 5.25x107'°y* Hz" at an
ionospheric height of 500 km. Extrapolating to the
equatorial plane by considering an enhancement of 10
dB, this intensity becomes 5.25x10™ ¥* Hz™' which
yields a wave field of 2.29 my for a bandwidth
Aw/2m = 1 kHz. Nishino and Tanaka' reported the
observation of intense 5 kHz VLF hiss emissions at
Japanese ground stations with an intensity of ~107'* W
m~ Hz"' and a bandwidth of ~2 kHz. This ground-
observed intensity is extrapolated to the equatorial
plane by considering an enhancement of 15 dB. The
equatorial intensity at low latitudes is found to be
2.14x10" ¥* Hz' which gives a wave field of
0.66 my.

In the extrapolation of intensity to the low latitude
equatorial plane, we consider enhancements of 5, 10
and 15 dB at 550 Hz, 3.2 kHz and 5 kHz, respec-
tively. The basic reasons behind this are that: (i)
ELF/VLF whistler-mode waves are generated mostly
in the equatorial plane, (ii) propagation loss increases
with increasing wave frequency and (iii) ground-
observed waves of 5 kHz suffer an additional
propagation loss of ~ 5 dB in the altitude range of 50-
500 km in the lower region of ionosphere"’.

4 Results and discussion

In order to check the consistency of D (&) and D,
in the pitch angle diffusion and precipitation of
resonant electrons in the inner zone, we have carried
out calculations at the different L-values of 1.3, 1.5
and 1.7 in the equatorial plane for whistler-mode
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waves of frequencies 550 Hz, 3.2 kHz and 5 kHz. At
the considered L-values of 1.3, 1.5 and 1.7, the values
of electron density (n,) are taken to be 4.61x10°,
2.71x10” and 1.98x10” el.m™, respectively, which are
deduced from the low latitude diffusive equilibrium
model used earlier by a number of workers®®?'. In
fact, the electron number density is a strong function
of solar variability and geomagnetic activity. This is
evident from Table 1, which is reproduced from Jain
and Singh® for reference.

Significant electron density enhancements are
observed following the strong geomagnetic activity
(K, =2 6) which correspond to the main phase of
geomagnetic storm™. On 26 Sep. 1978, ionization is
enhanced as a result of geomagnetic activity (K, = 6)
occurring at 0900 hrs LT on the same day with 3-4 h
delay time. On next day, the density enhancements
between 1000 and 1200 hrs LT were associated with
geomagnetic activity (K, = 6) occurring at 0300 hrs
LT with time delay of 7-9 h. During 28-30 Sep. 1978
the density enhancements between 0800 and 1300 hrs
LT are associated with the geomagnetic activity
(K, = 6-8). Similarly, the ionization enhancements
during 11-14 Apr. 1980; 18-21 Oct. 1984 and 27-29
Apr. 1985 have been found to be associated with
geomagnetic disturbances (6 < K, < 8) with delays

ranging from 1 to 20 h (Ref. 22). Table 1 shows that
density enhancements range from 6.45% to 18.13%
and average percent enhancements range from 10% to
14%. However, at altitudes above the height of F2
layer (>1000 km), the variation in electron number
density is rather small**. The equatorial electron
densities deduced from equatorial electron density
profile used by Sonwalkar er a/*. in their ray tracing
simulation studies are found out to be 3x10% 2.5x10°
and 2x10° el.m™ at the L-values of 1.3, 1.5 and 1.7,
respectively, which are very close to those used by us
in this paper. However, the electron densities used in
the present study are slightly lower than those
deduced from whistlers corresponding to low
latitudes®™. But electron density inside the ducts are
always higher than the background plasma density
and, hence, we prefer to employ the low latitude
diffusive equilibrium model for estimating the
background plasma densities at the equatorial
locations of L= 1.3, 1.5 and 1.7. The values of angular
plasma frequency (wp) are determined by employing
the relation wp = 2mx8.98 n,'"” and the values of
angular electron gyro-frequency (€.) are deduced
from the relation Q. /2%t = 873.6x10”/L*. We consider
the pitch angles of the energetic electrons outside the
loss cone, i.e. those having the values greater than the

Table [—Number density enhancements associated with geomagnetic activity (6<K < 8) in E-region ionosphere over Ahmedabad
(L=1.04)

Period Daily averaged median

Month & years Date electron density
em™
Sep. 1978 26 1.19x10°
27 1.08x10°
28 7.48%10°
29 1.19x10°
Apr. 1981 11 1.48x10°
12 1.58x10°
13 1.76x10°
14 1.41x10°
Oct. 1984 18 1.26x10°
19 1.30x10°
20 1.24x10°
21 1.14x10°
Apr. 1985 27 1.39x10°
28 1.18x10°

29 1.12x10°

Daily averaged enhanced

Percent density Averaged percent

electron density enhancement enhancement
cm™
1.27x10° 6.45
1.20x10° 10.37 10.02
8.41x10° 12.54
1.27x10° 6.45
1.60x10° 7.64
1.83x10° 13.38 11.70
2.01x10° 13.67
1.58x10° 12.10
1.39x10° 10.05
1.52x10° 16.59 13.95
1.40x10° 12.88
1.35%10° 16.26
1.55x10° 10.82
1.38x10° 18.13 14.09
1.27x10° 13.33
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loss cone angle o, (which at L = 1.3, 1.5 and 1.7 has
the values of 37.8°, 28.1° and 22.3°, respectively).

First, the resonance velocities of energetic
electrons have been calculated for different wave
frequencies of 550 Hz, 3.2 kHz and 5 kHz at different
L-values of 1.3, 1.5 and 1.7 in the equatorial plane.
The calculated resonance velocities at the L-value of
1.5 for a = 30° for the waves of frequencies 550 Hz
and 5 kHz are presented in Fig. 1 which clearly shows
that the calculated resonance velocities are much
higher towards lower values of o and decrease rapidly
with increasing . Similar results are obtained at the
other L-values of 1.3 and 1.7. The resonance velo-
cities at a given L-value for the two wave frequencies
differ slightly only at lower values of o and, for
o 265°, the two values become almost equal.
However, the resonance velocity is found to decrease
slightly with increasing L-value. The resonance
velocity approaches zero value at all L-values under
consideration as ot — 90°. The resonance velocities in
the inner zone are higher than the corresponding
values at higher L-values'*",

The normalized relativistic energy E, of resonant
electrons to be employed in the estimation of bounce
averaged diffusion coefficients [Eq. (4)] is calculated
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Fig. 1—Plots showing the variation of resonance velocity with
equatorial pitch angle o at L=1.5 for wave frequencies of 550 Hz
and 5 kHz

by using Eq. (5). The values of relativistic factor at
different values of o are determined from the
calculated values of resonance velocity by the method
employed by Prakash”. The values of E, for the
energetic electrons resonantly interacting with the
waves of frequency 550 Hz at L-values of 1.3, 1.5 and
1.7 in the equatorial plane are shown, as a function of
pitch angle @, in Fig. 2. The calculated values of E, lie
in the range 10-700. These values are, in fact, the
values of resonance energy FEg, normalized by the
factor m,c” = 511.88 keV, the rest mass energy of the
electrons. Comparatively much higher values of E, at
=90° preclude the possibility of wave-particle inter-
action near ¢ = 90° resulting in zero wave growth'.
The calculated values of E, in the inner zone are found
to decrease both with increasing wave frequency and
increasing L-value. The calculated values of E. (i.e.
10-700) in the inner zone are nearly two orders of
magnitude higher than the corresponding values of
0.02-20 at higher L-values'. So far the energies of
inner belt electrons are concerned they have both low
energies in eV and keV range®® and high energies in
MeV range’ . Mcllwain® observed energetic
electrons having energy greater than 5 MeV on the
EXPLORER - XV satellite in the region of L < 1.7.
Bhatanagar and Verma®® reported the measurement of
flux and energy spectrum of splash and re-entrant
albedo electrons in 5-25 MeV energy range. Such
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Fig. 2—Plots showing the variation of normalized resonance
energy with equatorial pitch angle ac at L = 1.3, 1.5 and 1.7 for a
wave frequency of 550 Hz
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electrons also get trapped in the inner radiation belt
region. Galper et al”’. observed energetic electrons of
energy > 20 MeV in the inner radiation zone.

Now the values of Q., B, B,, U (®) and Aw are
substituted in Eq. (4) along with the calculated values
of E, to obtain the values of bounce averaged
diffusion coefficient D (o) at different L-values. The
calculated values of D (at) are presented in Fig. 3 as a
function of pitch angle (o) at L = 1.5. Figure 3 shows
that D (o) decreases with increasing equatorial pitch
angle o. The calculated values of D (o) lie in the
range =107'°-107° rad® s™ at L = 1.5. At a given L-
value, D(0) decreases with increasing wave
frequency, whereas for a given wave frequency, D(a)
is found to slightly increase with the increasing L-
value. The values of D () at o = 90° are nearly 2-3
orders of magnitude lower than the corresponding
values of D(a) at o = 30°. The decrease of D (o) with
o is more rapid towards higher pitch angles as
compared to that towards lower pitch angles below
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Fig. 3—Plots showing the variation of bounce averaged diffusion
coefficient with equatorial pitch angle o at L = 1.5 for the wave
frequencies of 550 Hz, 3.2 kHz and 5 kHz

60°. It may be noticed here that Lyons et al'. and Abel
and Thorne™ have also evaluated the bounce averaged
diffusion coefficients, using entirely different
formulations, which have also shown a sharp and
rapid fall towards higher pitch angles close to 90° in
the inner radiation belt.

The calculation of resonance energy and diffusion
coefficients in the present study is based on the
assumption that the whistler-mode waves are field-
aligned. It is, however, worth mentioning here that the
ducted versus non-ducted wave propagation at low
latitudes has been a subject of controversy over the
decades®. While some ground-based and direction-
finding measurement studies favour ducted propa-
gation’>”. Some other satellite measurements and
ray-tracing-analysis-based studies, on the other hand,
find no convincing evidences for it’**. Nevertheless,
circularly polarized daytime whistlers have been
shown to be propagated in the ducted mode on the
outer flank of equatorial anomaly™*.

Thus, D(c) versus o curves presented in Fig. 3
show bounce averaged diffusion coefficients having
decreasing trend with increasing equatorial pitch
angles which clearly indicate that farther the pitch
angles from the loss cone «, i.e. those having large
values of (0—0t), less efficient becomes the diffusion
of electrons into the loss cone. Further, the life-times
of the energetic electrons having pitch angles close to
90° will be nearly 2-3 orders of magnitude higher than
those of energetic electrons with 0=30° as life-time is
inversely proportional to diffusion coefficient'. Thus,
the energetic electrons having pitch angles close to
90° will be stably trapped in the inner radiation zone.
This result is also supported by the pitch angle
distribution curve (Fig. 4) of Katz*' that shows much
higher trapped fluxes of energetic electrons around
o = 90° than those at lower pitch angles.

Finally, we find out the values of limiting diffusion
coefficient D, at the considered L-values in the inner
zone by using Eq. (3). The calculated equatorial
values of D, are plotted against equatorial pitch angle
a in Fig. 4 for a wave frequency of 550 Hz. Like
D(o), D, also decreases with increasing pitch angle,
but unlike D(cx) it acquires a zero value as a — 90°.
The calculated values for D, vary between 0 and 12.
At a given L-shell the value of D, does not change
appreciably with increasing wave frequency and
remains almost the same. However, for a given wave
frequency, D, decreases with increasing L-value. In
fact, D, has a close relation with diffusion strength. If
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Fig. 4—Plots showing the variation of limiting diffusion
coefficient D, with equatorial pitch angle ccat L= 1.3, 1.5 and 1.7
for a wave frequency of 550 Hz

at a given L-shell and for a given equatorial pitch
angle (other than o = 90°) the calculated value of
diffusion coefficient D (Refs 7 and 12) is found to be
lower than the calculated value of D, the diffusion
will be weak. In case of D > D,, diffusion will be
strong.

As a result of wave-particle interaction involving
wide-band ELF/VLF whistler mode waves the
energetic electrons having pitch angles close to the
loss cone may be scattered into the loss cone and
finally be precipitated into the lower ionosphere. The
whistler-mode waves may perturb the adiabatic
invariant motion of the energetic electrons and the
wave-induced pitch angle, and energy changes can
result in the lowering of the “mirror height” of the
electrons and their subsequent precipitation into the
ionosphere. If the electrons whose pitch angles are
scattered into the loss cone have mirror heights below
90 km, they will be precipitated into the D-region of
the ionosphere causing density enhancements, which,
in turn, may cause Trimpi events (i.e. the phase and
amplitude perturbations of ELF/VLF signals) in the
earth-ionosphere wave-guide mode of propagation.
Helliwell er al**. have shown that energetic electrons
(energy > 50 keV) may be precipitated into D-region
of ionosphere due to wave-particle interactions
producing localized enhancement in density structure
which may affect the wave-guide mode of
propagation of ELF/VLF signals.
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5 Conclusions

In the present paper, limiting and bounce averaged
diffusion coefficients are calculated at different L-
values of 1.3, 1.5 and 1.7 in order to check their
consistency in pitch angle diffusion and energetic
electron precipitation in the inner radiation belt. The
results hint that the diffusion coefficients decrease
with increasing equatorial pitch angle such that the
values of bounce averaged diffusion coefficients at o
= 90° are nearly 2-3 orders of magnitude lower than
those at o = 30° whereas the limiting diffusion
coefficient approaches a zero value as o0 — 90°. This
trend of D(ct) and D, indicates that less efficient will
be the diffusion of electrons into the loss cone as one
moves farther from the loss cone towards higher pitch
angles and that the electrons having large pitch angles
close to 90" will be stably trapped. Thus, it is finally
concluded that the pitch angle variation of bounce
averaged and limiting diffusion coefficients is
consistent with the experimental fact that farther the
pitch angles from the loss cone, less efficient will be
the diffusion of electrons into the loss cone and that
the energetic electrons having pitch angles close to
90° are stably trapped into the inner radiation zone.
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