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In this paper we describe the perturbation theory developed recently by us within the time-dependent Kohn-Sham formalism for 
fields which are periodic in time. We demonstrate the 2n + I rule and its variational corollary for the time-averaged energy and employ 
i t  to calculate l i near and various non-l inear response properties of the i nert gas atoms ,  helium, neon and argon. 

Optical response! of a molecular system depends princi­
pally on the interaction of its electrons with an applied 
electromagnetic field. For normal field strengths, the 
response is described adequately by perturbation2 theory. 
Thus the linear response properties such as the refrac­
tive index, as well as the non-linear properties which 
describe second harmonic generation, third harmonic 
generation, degenerate four-wave mixing, etc . ,  are all 
calculated by applying perturbation methods. On the 
other hand, perturbation theory cannot be expected to 
describe properly the response of an electronic system 
to very intense fields that have become accessible lately. 
For such fields one must solve3 the Schrodinger equa­
tion exactly. In any case, to describe the response of a 
system to an optical field the starting point is the calcu­
lation of the electronic wavefunction, both without and 
with the applied field in the hamiltonian. This is where 
the theories of electronic structure enter the field of op­
tics. In this paper we focus our attention on density-func­
tional theory (DFf)4.5 of electronic structure and its ap­
plication to calculate the optical response properties of 
an electronic system. We are concerned with the linear 
and nonlinear optical properties so that our approach is 
perturbative in nature. DFf can also be applied to study 
systems subjected to intense fields where the problem is 
solved in a nonperturbative manner. We are not going to 
discuss that here and refer the reader to the litera­
ture6-9. In what follows, we first briefly review, in Sec I, 
the basic tenets of time-dependent perturbation theory!O 
and variation-perturbation methods for applied fields 
which are periodic in time. This is done within the steady­
state formalism of Sambel l .  We then discuss time-de­
pendent DFf12 in Sec II. In Sec III we describe our 

workl 3,14 on the development of perturbation theory 
within the realm of time-dependent DFf, and in Sec IV, 
its applicationsI4,15. We conclude with a discussion of 
the direction for future research. 

I. Perturbation theory and variation-perturbation 
method for time-dependent potentials 

In this section we discuss the perturbative treatment 
of a system subjected to time-dependent potentials which 
are periodic in time within the steady-state formalism of 
Sambel l .  This formalism is based on the fact that the 
wavefunction '1'( r, t )  for a periodic hamiltonian with 
period T can be written in the form 'I' ( r, t )  = 
<1>( r, t )e-iEt, where <1>( r, t )  is also periodic with time 
period T and satisfies the equation 

H - i (a/at) <1>( r, t )  = E <1>( r, t )  ... (1 ) 

The eigenvalue 

E = ( lIT) r dt (<1> I H - i(a/at) I <1» ... (2) 

is a functional of <1> and can be shown, by using the 
Hellmann-Feynman theorem 1 6  for time-dependent 
hamiltonians, to be the average energy of the system in 
a periodic field. It is thus referred to as the quasi-energy 
of the system. For example, if a polarizable system is in 
an electromagnetic field, E would represent the induc­
tion energy due to the interaction of the applied field 
and the induced polarization. Equation(l) above is simi­
lar to the staionary-state Schrodinger equation except 
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that the function cI>(r, t) is now time-dependent. Also 
the operator [H - i(J/Jt)] is not hermitian in the Hilbert 
space R of square-integrable functions because of the 
time-derivative. However, Sambe proposed that one can 
treat Eq. ( I )  exactly like the stationary-state Schrodinger 
equation if the space R is extended. The extended space 
(R + T) consists of functions u(r, t) which are periodic 
in time with period T and for which 

r dt J I u(r, I) 12 dr . . .  (3) 

Eq. (3) is finite. Further, the inner product of two func­
tions u(r,t) and v(r,t) in this space is defined as 

{(ulv)} = (lrr) JOT dl u(r, 1)* vCr, I)dr . . .  (4) 

Note that with this inner product, the functions which 
are orthonprmal in R also satisfy orthonormality in (R + 
T). Further, the operator [H - i(J/Jt)] now becomes 
hermitian in the extended space. As such we can now 
treat this operator as the hamiltonian in (R + T) space 
with the energy being given by Eq.(2). With these defi­
nitions Sambe showed that the steady-state is completely 
analogous to a stationary-state. As such we can employ 
all the methods of dealing with the latter in working with 
periodic hamiltonians, keeping in mind though that the 
space we are working in is the extended space (R + T) 
with the inner product given by Eq.(4). In the fol lowing 
we discuss two of these techniques, viz., the variational 
method and perturbation theory, in detail as these are 
important for the work to be presented later in the paper. 

A. Variational method 
Since cI>(r, t) satisfies Eq.( I ), it is easy to show that 

the functional E[cI>] defined by Eq.(2) is stationary with 
respect to variations in cI> at the solution point if <l> 1S 
normalised in the (R + T) space. This then provides (\ 
method of obtaining approximate solutions of the Eq. 
(l) by making 

8 E[<1>] = 0 

subject to the constraint that 

{(<1>I<1>)} =1 . (6) 

with E as the Lagrange multiplier In reality the function 
<I> satisfies a stronger condition because it represents the 
solution of the Schrodinger equation. Since the norm 
(0/1\If) of a wavefunction \If does not change with time 

due to the hermiticity of the hamiltonian in R, the con­
straint above is always satisfied once the wavefunction 
is normalised in R space. On the other hand, because 
Eq.(l) is obtained under the constraint of Eq. (6), all its 
solutions do not have a time-independent norm in R al­
though their time averaged norm {(cI>IcI»} in R + T has 
been fixed to be 1 .  Out of all possible solutions, only 
those functions x(r, t) which remain properly normalised 
at all times, i .e . , their norm (XiX) in R does not change 
with t ime, are phys ical ly mean ingfu l .  Proper 
normalisation of the wavefunction at all times can be 
ensured if E[X] is made stationary subject to the condi­
tion that (XiX) = 1 .  This results in the equation 

[H - i(a/at)] x(r, I) = E(I) X (r, I) . . . (7) 

with a time-dependent Lagrange multiplier E(t). Equa­
tion (7) is an alternate representation of the time-depen­
dent Schrodinger equation with the total wavefunction 
beinglO \fer, t) = X (r, t) exp(i JoTE(t')dt') S ince cI>(r, t) 
and x(r, t) describe the same wavefunction, they are 
both periodic and are related as" 

<1>(r, I) = X (r, I) e·iO(I) ... (8) 

where e(t) is a real periodic function of time such that 

d01d1 = E(I) - E ... (9) 

Because e(t) IS periodic in time, the quasi-energy E is 
the time-average of E(t) as is evident from the equation 
above. In terms of X, the quasi-energy is obtained from 
Eg. (2) with cI> replaced by X. For perturbative calcula­
tions it is much more convenientlO . 1 1  to work in terms of 
X. rather than <1>, as will be discussed in the following 
section. We will also use the variational property of the 
quasi-energy with respect to X to developl3 a variation­
p�rturbation method for time-dependent perturbations. 

B. Perturbation theory 
As mentioned above, in addition to the ease of keep­

mg the time-dependent wavefunction normalised, it is 
also better to do perturbation theory in terms of the trans­
tormed wavefunction X. This is because X is obtained 
by separating outlOthe overall phase factor e(t) from the 
full wavefunction. One therefore does not have to worry 
about its contribution - which is very difficult to keep 
track of at all orders - in the perturbative expansion of 
the wavefunction. Notice that the expectation value of 
any operator is not affected by removing this factor out 
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of the wavefunction. This is similar to stationary-state 
perturbation theory where the phase part involving the 
energy of the state is factored out right in the beginning 

Now consider a system w ith the unperturbed 
hamiltonian 8<0), which is time-independent and the cor­
responding wavefunction and energy <1>(0) and E'(O), re­
spectively. When the system is subjected to a time­
dependent perturbation HI (r, t), its steady-state trans­
formed wavefunction i s  given by X (r, t) which satisfies 
the conditions 10 

(XiX) = 1  ... (10) 

and 

<:X(O) IX) = (Xl x(O» ... ( 1 1  ) 

where X(O) = <1>(0), at all times. The second condition 
arises from the fact that the overall phase 10 that has been 
taken out is the factor multiplying to) if the full time­
dependent wavefunction is expanded in terms of the 
wavefunctions of the unperturbed hamiltonian. As such 
its phase is fixed once and for all and no arbitrary imagi­
nary multiple of the zeroth-order wavefunction can be 
added to the perturbed wavefunctions of various orders . 
At the solution point the eigenvalue E(t) is given, as is 
easily seen from Eq.(7), by the expression 

E(I) = E'O) -;- Rs 

and the quas� -energy 
l' 

E = (ItT,' � E(I; di 
o 

... (12) 

. . .  ( 1 3) 

In the perturbative regime, both X and E(t) are expanded 
as 

X (r, t) = L X(i) (r, t) 
;=0 

. . .  ( 1 4) 
;=0 

where X(i) satisfy 

(H(O) _ PO) - i(a/al)
}x (I)(r, I) + {HI (r, 1) - £<I)(t) }x (O)(r, I) =0 for i = I ... (15) 

and 
(HO) - £<0) _ i(a/al)}x (I)(r, I) + {HI (r, 1) - £<1)(t)} X (i·I) (r, I) 

i 
- L FJj) X(i-j) (r, t) = 0 for i * 1 

j=2 
. . .  ( 1 6) 

Due to its variational nature, the average energy obeys 
the 2n + 1 rule and its variational corollary. Accordingly, 
wavefunction correct only up to order n is required to 
obtain energy up to order 2n + 1 .  Further, the even-order 
energy change E2n) is stationary with respect to X(n) , if X 
i s  known correctly to order n-l. This leads to the equa­
tion for X(n) • Thus, employing the variational expression 
[Eq.(2) divided by the norm (X IX) ] for the quasi-en­
ergy and using the wavefunction expanded only up to 
the first order, we obtain the following expressions for 
energy corrections up to the second order: 

£<2) = ((x(l) I (HU) - £I.G> - i(a/a/»lx(I» 
+ (X(I) I HI) I x'0» + (x(O) I HI) I X(I»} . . .  ( 1 7) 

Notice that making E2) stationary with respect to varia­
tions in X(l) gives the correct equation for it. Now ex­
panding the wavefunction up to the second order, and 
making use of the equation for X(I) derived from E2) 
above, we get 

£<3) = {(X(l) IHI) -PI)I x'I)} 
£14) = {(X(2) I (H(O) - PO) - i(a/at) } I X(2» 

+ (x'2 ) I HI) - £<1)(1) I X(I) + (X(I) I HI)-£<I) I x'2»} 
... ( 18) 

It is easily seen that one obtains the correct equation 
of motion for X(2) if the first-order change in E4) is made 
to vanish with respect to variations in X(2). In deriving 
the energy expressions above, the wavefunction is as­
sumed to be normalized up to the appropriate order (to 
the first order for Ell .... E3) and to the second order for 
E4». Thus stationary nature of the even-order guasi-en­
ergies offers a variational method for obtaining the cor­
rections to the unperturbed wavefunction. We will be 
making use of it in performing our calculations below. 
With this we complete our discussion of perturbation 
theory and its variational formulation in the steady state 
formalism for periodic time dependent hamiltonians. In 
the discussion above, we have worked in terms of the 
wavefunction . We will see below that the results derived 
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above are completely general and are also applicable and the current density 
when a many-electron system is described within the 
Kohn-Shaml?  formulation of time-dependent density- j(r, t) : (l12i)f{'V* (r, r2, •••. rN. ,t)V'V(r, r2, •••• rN. ,t) 
functional theory which we now discuss. 

_ 'V(r, r2, •.•• r N. ,t)V'V*(r, r2, . • • •  r N. ,I) }dr2 •••• drN • • • (2 1 )  

II. Time-dependent density-functional theory 
After the development of stationary-state DFT4.5 , and 

because it provided a convenient method of dealing with 
many-electron systems, efforts were made to develop its 
time-dependent counterpart.Like the stationary-state 
theory, the basic variable in time-dependent density func­
tional theory (TDDFT) is the time-dependent (TD) den­
sity per, t) which contains all the information about the 
system. However, it was nearly two decades after the 
development of the stationary-state DFT that TDDFT 
came into being. Seminal work in the development of 
TDDFT was done by Deb and Ghosh l 8  and by 
Bartolotti l9.20 who proved the Hohenberg-Kohn21 theo­
rem for hamiltonians periodic in time. S ince a system 
with time-dependent density also has currents, TDDFT 
has a close connection with the hydrodynamic formula­
tion22 of quantum-mechanics. This connection was es­
tablished in the work of Deb and Ghosh 18 as well as in 
that of Bartolotti 1 9.20. However, a general theorem es­
tablishing a map between the TD potential and density 
was proved later by Runge and GrosS23 . It states th�t �f 
all time-dependent systems evolved from the same 101-
tial wavefunction 'If then the TD potential vCr, t ), and o . therefore the hamiltonian H(r, t )  and the wavefunctlOn 
'If(r ,t ) are all unique funtionals of the density per, t ). It 
should be noted though that the potential can be deter­
mined only up to a purely time-dependent function C(t) 
and the wavefunction up to a phase determined by C(t). 
The only condition that the potential has to satis�y f�r 
the proof is that it be expandable in a Taylor se.nes 10 
time around the initial time to' Further, the densIty can 
be determined by making the action integral 

... (19) 

stationary with respect to variations in per, t ). The up­
per limit in the time integral has been taken to be 00 

because vCr, t )  and therefore 'If(r,t) is a functional of 
the density per, t ') for t ' ranging24 from to and 00 • 

As discussed above, TDDFT is similar to the hydro­
dynamic formulation of quantum-m�chanic� Runge and 
Gross also derive23 the hydrodynamIC equatIons that the 
density and the current follow. Accordingly, the density 

... (20) 

satisfy 

taper, t)/at]+v.j (r, t) 

which is the continuity equation and 
[aj(r, t)/at]: P[p ](r, I) 

... (22) 

... (23) 

which is the momentum-balance equation . The three 
component functional P is the sum2) of various forces 
that influence the motion of the electrons. These equa­
tions are to be solved with the initial condition specified 
by 'If 0 (r,t). 

The stationarity of the action integral is also used to 
derive the time-dependent Kohn-Sham (TDKS) equa­
tion. To obtain the TDKS equation, we first identify the 
universal component of the action integral defined above. 
It is obtained by subtracting from the action integral the 
energy due to the external potential. Thus the universal 
functional 

-

B[p] : A[p]- f dt fv(r, t)p(r, I) dr to 
. . .  (24 ) 

The functional B comprises the kinetic energy and the 
electron-electron interaction energy. We also define an­
other density functional - kinetic energy functional - si mi­
lar to the kinetic energy for the time-independent case 
as 

-

S[p(r, I)] : f 0 dt ('V 1 -(1/2) L V/ - i(a/al) I'V) 
J 

... (25 ) 

Now we assume the density to be non-interacting v-rep­
resentable so that it is given by the formula 

per, t): L�'(r, I)�(r, I) 
J 

where <1>. are the solutions of 
J 

{-(1I2)V2+ v,Cr, 1)}<l1(r, I): i(a/al)�(r, I) 

... (26) 

. .. (27) 

The kinetic-energy functional corresponding to this non­
interacting system is 

So[p(r, I)] : r dl L (�I- (1/2) V2 - i(a/al) I�) .. . (28) 
to 
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and the action integral i s  given as 
-

A[p] = So[p] + J dt JV,(r, t)p(r, t)dr 
to 

. . .  (29) 

S ince the stationarity of th� action integrals of both Eqs 
( 1 9) and (20) give the same density, it is clear that 

v.(r, t) = v(r, t) +! PI 

(r', /)1 dr' + 

�A(rc[
p)) r - r' up r, t . . .  (30) 

where, by construction the exchange-correlation com­
ponent of the action is given as 

A�c[p] = B[p] - f.� dt (�! ! p(��t��;, t) drdr') + SIp] - So[P] 

. . .  (3 1 ) 
With this, the derivation of the TDKS equation is com­
plete. The density for a time dependent Hamiltonian 
can be obtained by solving an equivalent non-interact­
ing problem with the effective potential given by Eq.(30) 
self-consistently. We now specialise to the case of peri­
odic time-dependent hamiltonians which are central to 
describing the optical response properties of atoms and 
molecules. 

Hamiltonians periodic in time 
The general discussion above applies equally well to 

the particular case of applied time-dependent potentials 
which are periodic in time, Such potentials arise in 
describing the interaction of optical fields with an 
electronic system. For such potentials it is easily seen 
by substituing the wavefunctional form 'V(r , t) = 

o . x(r, t)e-i Jt E(t')dt' in the expression(Eq. l 9) for action 
integral that it is given as 

A[P] = {(xl (H - i�) Ix)dt -{ E(t)(xlx)dt . . .  (32) 

where E(t) is given by the solution of Eq.(7). As such 
the action principle for periodic hamiltonians is equiva­
lent to making the functional of Eq.(2) stationary with 
E(t) playing the role of the Lagrange multiplier to en­
sure that X is normal in the R space at all times. For such 
hamiltonians one can therefore work in terms of the 
quasi-energy functional.As was discussed earlier, this has 
the advantage that quasi-energy has a direct physical 
interpretation. Thus the response properties can also be 
related to the changes in the quasi-energy. For these rea­
sons, we also work in terms of the quasi-energy. Notice 
that it too is a functional of the t ime-dependent density 

and becomes stationary for the exact density. As such in 
this section we cast the t ime-dependent Kohn-Sham 
equation in the language of steady-state formalism of 
Sambe and then develop perturbation theory within this 
approach in the next section . 

To derive1 3 KS equations in the steady-state formal­
ism, consider a system of non-interacting Fermions in a 
potential Vs (t) periodic in time with period Twhich gives 
the same density as the interacting system, so that 

p(r,t) = Llu;(r,tW, 
where ui (r, t) satisfy 

[12 ,0] -2 \7 + v,(r, t) - 1 8t uj(r, t) = 0 

. . .  (33) 

. . .  (34) 

By construction u (r, t) are the time-dependent KS orbit­J 
als .  S ince v (t) i s  periodic, u (r, t) = "' . (r, t) e-i£j t , where s J 't'J 
¢. (r, t) are also periodic (time-period 7) and satisfy 

J 

... (35) 

We refer to E which are time-independent, as quasi Kohn­J 
Sham eigenvalues. Note that the expression for the den-
sity in terms of ¢. (r, t) or u. (r, t) i s  the same. Now J J 
fol lowing the general arguments given in the previous 
section to arrive at Eq.(30 ) we get 

v,(r, t) = ve",(r, t) + O{EH[p(r, t)]} 
+ 

o{ E%c[p(r, t)]} 
op(r,t) op(r,t) . . .  (36) 

where {E H } and {Ext' } are the time-averaged Hartree 
and exchange-correlation energies, respectively. The 
total energy in terms of the Kohn-Sham orbitals is given 
as 

E[ ]- {'"' . E [pJ J o{EH%c} p - L..J (, + lirc - op(r, t) per, t)dr}.ver.ge . . . (37) 

where {E HXl } represents the t ime-average of the sum of 
the Hartree, exchange and correlation energies. Observe 
the similarity between Eqs(36 ) and (37 ) and the corre­
sponding quantities in the stationary-state Kohn-Sham17 
theory. 

As pointed out earlier, for convenience in applying 
perturbation theory and also to ensure that the orbitals 
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are normalised at all times, i t  is better to transform these 
equations by separating out the time-dependent phase 
e (t) from each orbital ¢. (r, t )  and work in terms of the 

J J . 
transformed orbitals x.(r, t) instead. As a result of this, 

J 
each KS eigenvalue becomes time-dependent with its 
time-average equal to the quasi KS eigenvalue. The re­
lationship between the orbitals ¢. (r, t )  and x.(r, t) and J J 
the phase e (t ) is given by Eq.(8) where e (t) is deter-

J J 
mined by Eq. (9) with KS eigenvalues e IE. (t ) in place J J 
of the energy EIE(t) . We now describe perturbation 
theory in terms of these transformed orbitals 

III. Perturbation theory in time-dependent Kohn­
Sham formalism 

To develop perturbation theory we now consider 
v (r, t) to be made up two parts : ext 

Vex! (r, I) = Vo (r) + j/I)(r, I) . . .  (38) 

where vO(r) 1S a time-independent potential which is the 
part of the unperturbed hamiltonian, and, 

... (39) 

is the applied perturbation. The Hamiltonian is accord­
ingly 

H = H(") +H' (r, I) . . . (40) 

where H(r, t) is the sum of v(l)(r, t) and corrections 
to the Hartree and the exchange-correlation potentials 
arising from the self-consistent change in the density due 
to the applied perturbation. Analogous to Eq.(7), the 
transformed Kohn-Sham equation is 

. . .  (41 ) 

where 

. . .  (42) 

where the superscript '0' refers to the unperturbed state. 
The orbital quasi-energy Ej is given as 

11'T (j = - dtf.j(t) T ° 
... (43) 

Each of  the transformed orbital sat isfi e s  the 
normalisation condition 

<x Ix) = 0 . .  (44) 
I J 

and 

. . .  ( 45) 

Notice that the expressions for the density and the total 
energy in terms of transformed orbitals remain the same 
as given above by Eq. (37), although e. in Eq.(35) are 

J 
now replaced by their time-dependent counterpart as 
given by Eq. (42) . The perturbation expansion for the 
orbitals, the density, the perturbed Hamiltonian H' and 
e. IS J 

00 
x(r, t) = I: x(kl(r, t); 

k=O 
00 

p(r,t) = I:p(kl(r,t); 
k=O 

k=l 
00 

f.j(t) = I: f.)kl(t) 
k=O 

and the equation for X( Ii) is 

. . .  (46) 

(H(O) _ ��O) _ iaat} x�n) + t(H(k) _ c�kl)x(n-k) =0 
k=] . . . (47) 

where by Eqs (44) and (45) 

. . .  (48) 

Substituing the transformed orbitals in the expression 
for the energy Eq. (37) and properly rearranging26.27 the 
terms obtained, we get 
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where 

x p(!)(r" Ijp(I'(r., t)dr,dr,dr,dr.} 

11.0 = H(O) - ,i. 
ot 

. . .  (49) 
lI .. er .. �. 

.. (50) 
As i s  clear from these expressions , only X,( I) is re­
quired to obtain energy up to order 3. Also due to varia­
tional nature of the energy functional, the even- order 
energies, E(2) and £<4), are stationary with respect to 
Xl( I) and XI(2) respectively. This is evident from the fact 
that stationarity of £<2) and £<4) leads to the correct 
equations for these orbitals. 

Alternatively, the stationary nature of the even-order 
energies can also be used to obtain the induced orbitals 
and energies variationally, as we do in this paper. The 
expression for H(I) is 

H(l)(r, t) = v(l)(r, t) + J 
62 EHrc p(l}(rl t)drl 6p(r)6p(rll ' ... (51 ) 

Similar expressions for the higher-order corrections to 
the Hamiltonian can be derived and involve higher-or­
der derivatives of the Hartree and exchange-correlation 
energy functionals. The procedure adopted above is quite 
general and can be employed to calculate energy changes 
to any desired order. Furthermore, if the orbitals are 
known correctly to order (n- l ), the even-order energies 
£<2n) are stationary with respect to X(n) ; leading varia­
tionally to the perturbative equation for the nth order 
correction to the orbitals. This completes the formal de­
velopment of variation-perturbation theory for periodic 
time-dependent potentials. We now apply it to calculate 
linear and nonlinear optical response properties of the 
noble gas atoms helium, neon and argon and show by 
comparing the well investigated results of these atoms 
that accurate numbers for these properties are obtained 
with density-functional theory. In these applications we 
restrict ourselves to below the first transition frequency 
where the. stationary point of the quasi-energy is a mini­
mum. 

IV. Optical response properties of noble gas atoms 
Usi.!lg the stationary nature of the quasi-energy, in thiE 

section Wf; perform V3.ri.;:l.tj0!'!:Il.:�:alculatil)!'Is .yF :ht:: :f:-.> 

quency-dependent linear and nonlinear response prop­
erties of helium, neon and argon. We work within the 
dipole approximation and calculate the l inear polariz­
abilities a(w) and nonlinear polarizabilities y(w;w,-w,w) 
which corresponds to degenerate four wave mixing 
(DFWM) and y(3w;w,w,w) responsible for third har­
monic generation (THG). Linear polarizability a(w) and 
the DFWM coefficient y( w;w, -w,w) are directly related 
to the second- and fourth-order energy changes given 
above as 

a(w) = _4£<2) ... (52) 
and 

y(w;w,-w,w) = -64£<4) ... (53) 

On the other hand, THG coefficient is not directly re­
lated to £<4) . It is instead given 14.27 as 

,(3w; w, w, w) ,,; 96 (�(xIIJ( +3)/ii(2J( +2) - �l2J( +2)/xP)( +1)) 

+ (xpJ(-I)/if(2)(+2) - d2J(+2)/xP)(-3)) 

+ (xP)( +3)/ii(1)( +1) - tP)( +l)/xl2)( +2)) 

+ (xl2)( -2)/if{l)( + 1) - �P)( + 1 )/xil)( -3)) 

+ (xl1J(-I)/if{l)(_:J) - ti1)(-3)/xl2)(+2)) 

+ (xi2) ( -2)/if(l)( -3) - tll)( -3)/xlIJc + I)) 

+ ! 
lP EHzc (I)() (1)(, (2)" ,,, 

op(r, t)op(r', t)op(r", t)P+1 r, t P-3 r, t)p+
2(r ,I)drdr rlr 

+ �! 
o4EHzc 

3! Jp(r, l)qp(r', t)op(r", t)t5p(rlll, t) 
xp�l(r, t)pW(r', t)p�l(r", i)p�IJ(rlll, t)drdr'dr" dr''') 

. . . (54) 

where the argument of each orbital X indicates the fre­
quency at which it is being calculated [see Eqs (63) and 
(64) below]. The equation above means that the calcula­
tion of THG coefficient requires the first-order orbitals 
at two frequencies, w and 3w .  Thus to calculate 
y(3w;w,w,w) we first obtain the first- and second-order 
orbital by applying the perturbation at frequency co. We 
then perform another calculation by considering the ap­
plied field of frequency 3w which gives the first-order 
orbital at this frequeny. Substituting these in Eq.(54) 
gives the THG coefficient . 

We do our calculations with two sets of unperturbed 
.)rl)jtals which are obtained with different approxima-
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tions for the exchange-correlation energy functional 
First, we treat the exchange-correlation effects within 
the local-density approximation (LDA). As is well 
known, the asymptotic effective potential, and therefore 
the orbitals in that region, are not obtained correctly in 
the LDA. Since the LDA orbitals are less tightly bound 
than the exact ones, they lead to polarizabil ities and 
hyperpolarizabilities which are overestimates of their 
exact counterparts. The error is roughly 1 0% for the 
linear and nearly 1 00% for the nonlinear polarizabili­
ties. It is clear that proper behaviour of orbitals in the 
asymptotic region, which in tum depends on the poten­
tial there, is quite crucial to obtaining accurate estimates 
of these quantities. In order to correct the asymptotic 
nature of the potential, van Leeuwen and Baerends (LB) 
have proposed a correction to the LDA potential that 
improves the quality of the orbitals substantially in com­
parison to the LDA orbitals. Our second set of calcula­
tions is performed using the orbitals generated by this 
potential . As discussed below, the results of these cal­
culations are highly accurate for both the linear as well 
as the nonlinear polarizabil ities of the atoms considered. 
This then shows that by applying DFf highly accurate 
estimates of these properties can be made with relatively 
less computational effort. In the fol lowing we first dis­
cuss the exchange-correlation functionals used in obtain­
ing the unperturbed orbitals and in performing the 
perturbative calculations. We then discuss the variational 
form chosen for the orbitals and finally present our re­
sults. 

A. Exchange-correlation functionals 
As mentioned above, we have performed our calcula­

tions by employing the unperturbed orbitals obtained 
from the LDA as welI as from the LB approximation for 
the exchange-correlation energy. For perturbation cal­
culations, on the other hand, we use the adiabatic local 
density approximation (ALDA) . In the fol lowing, we 
describe these functionals briefly. 

1. LocaL density approximation 
In the local density approximation4.5 the exchange­

correlation energy is obtained by calculating the energy 
density at each point in space by the expression for the 

h 29 homogeneous electron gas. Thus the exc ange energy 

. . .  (55) 

with do = -(3/4) (3ht)1/3 . For the correlation energy we 
use the Gunnarsson-LundquisrJ°parametrization so that 

with c = -0 0333, x = r lA, A = 1 1 .4, where r s s 
= [3/4rrp(r)]1/3 is the local rs value. The corresponding 
exchange and correlation potentials are calculated as the 
functional derivative of these functionals and are given 
as 

. . .  (57) 

and 

. . .  (58) 

2. van Leeuwen-Baerends potentiaL 
The behaviour of the LDA potential in the asymp­

totic regions is exponential rather than the correct} 1 -I Ir. 
Because of this the LDA calculations give the outer elec­
trons to be loosely bound. This is reflected in the high­
est occupied orbital eigenvalues obtained in the LDA 
calculations; whereas the correct value for it is"·'1 equal 
to minus the ionisation energy, the LDA gives a value of 
only half as much. If the LDA functiona I is im­
proved34. 36 by including gradient corrections to it, the 
energy values also improve but the tai l region of the 
potential does not. To rectify this situation, van Leeuwen 
and Baerends28 proposed a correction to be added di­
rectly to the potential so that its asymptotic structure 
becomes exact. Motivated by the accuracy of Becke's 
functionaP6 for the exchange energy, the correction they 
add to the LDA potential is given as 

LB( ) {J 1/3( ) 1 
v r = - p r 1 + 3{Jxsinh-1(x) . . .  (59) 

with x = IV pl/p4n . Thus the total potential is given by 

. . .  (60) 

The parameter 13 is fixed by fitting the resulting poten­
tial in such a way that it resembles as closely as possible 
with the exact potential for the Be atom. The potential 
constructed in this manner leads3? to accurate total en-
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ergies and highest occupied orbital eigenvalues. This 
implies that the orbitals and the total density obtained 
by solving the KS equation with this potential are quite 
accurate. We have also used these orbitals to obtain re­
sponse properties of the atoms considered in this paper . 

3.Adiabatic local density approximation 
The exchange-correlation energy functional for the 

time-dependent case is nonlocal in space as well as in 
time. However, like the static case, an excellent approxi­
mation is provided by considering the functional depen­
dence to be local in both space and time. Thus the value 
of the functional is given by the same expression as the 
LDA except that the density input in this case becomes 
time-dependent. This is known as the adiabatic local 
density approximation (ALDA)8 and has been shown38 
to be a major component of the exact functional. In ad­
dition, all the higher order functional derivatives required 
for response properties calculations exist for this func­
tional and they can also be easily calculated. Keeping 
all these points in mind, it is this functional that we use 
for the calculation of the perturbative changes in the ex­
change-correlation energy. ·It has already been demon­
stratedl4.39 that ALDA, when employed in conjunction 
with accurate ground-state densities, leads to highly ac­
curate results for the optical response properties. This 
is also borne out of the results presented below. 

B. Variational form for the orbitals 
The atoms that we consider in this paper are closed­

shell systems and have only s- and p-type orbitals The 
variational forms chosen27 for the first-order change in 
these orbitals are 

and 

(1)( ) _ 0f(1) ( ) ( Xn. r,t - V 3 n.l r,t YIO B,r/J) 

(I) ( ) /4f(1) ( (l ( I ) XnpO r, t = V 15 np2 r, 1)1'20(8, ¢) + V -:/npa(r, t)Yoo(8, ¢) 
(1) ( ) (l (I) . . Xnpl r,t = Vsfnp2(r,I)1'2+l(O,<P) 

(1) ( ) (l (I) Xnp-I r, t = V sfnp2(r, /)1'2_1(0, ¢). 

. . .  (6 1 ) 

. . .  (62) 

respectively The subscript n indicates the orbital index 
and Ylm (8,<1» represents the spherical harmonic function 
characterizing the angular part of induced orbitals. 

Now we write down the variational forms for the sec­
ond-order orbitals :  

(2)( ) /4 (2) ( (l (2) Xn, r, t = V 4f/n.2 r, 1)1'20(9, <1» + V gf .. o(r, I)Yoo(8, <1» 

for the s-type and 

. .. (63) 

. . .  (64) 

for p-type orbitals. Each Of" function above has a form 
given by Eq.(67 ) below. For the applied potential of the 
form given by Eq.(39), the time-dependence of the "f" 
function to various orders is given as 

. . .  (65) 

and 

. . .  (66) 

The radial part of the induced orbitals above is repre­
sented by a superposition of Slater type orbitals (STO). 
A typical form of the radial function chosen is 

. . .  (67) 

where nj and �j are the parameters of STO which are 
fixed and Cj are the l inear variational parameters. The 
Parameter n. > L + I ,  where L represents the spherical 1- 1 I 
harmonics f(r) is multiplied by. The values of n. and ):: , "' , 
are chosen in such a way so that Xj (n) (r) correctly repre-
sents the induced orbitals .  We choose these parameters 
from the knowledge of HF ground-state orbitals40 rep­
resented in terms of STOs. From these orbitals we ob­
tain the expressions for the induced densities by using 

p(1)(r, t) = � (x7(1)(r, t)x�O)(r) + x�t)(r, t)x7(O)(r)) 

and 

. . .  (68) 

along with Eqs (60-63 ) .  We point out that for closed­
shell systems the first-order induced density p(\) (r, t) 
has the same angular dependence as that of the applied 



1 8  INDIAN J CHEM, SEC. A, JAN - MARCH 2000 

perturbation. This means that for our case the angular 
part of p(l) (r, t) is completely specified by cose (YIO 
(e,<I»), which is the angular component of the perturbing 
potential. This is a particular case of a theorem due to 
Eves and Epstein41 which states that for a system with 
all electrons in filled shells, the first-order induced den­
sity p(l) (r, t )  due to a perturbation of the form vM (r) = 

& PM (cose) where PM (cose) is Legendre Polynomial 
of index M, has its angular dependence described en­
tirely by PM (case) .  The second-order induced density 
for spherical system is found 27 to be of the form 

p(2)(r,.t) = p�2)(r, t)Yoo(O,.p) + p�2)(r, t)Y20(O,.p). . . .  (70) 

Thus the second-order density has a constant plus one 
term with cos2e angular dependence. In the following 
we discuss how the orbitals are kept orthonormal at all 
orders. 

Ortho-normalization condition 
As discussed i n  the beg inn ing because of the 

hermiticity of the hamiltonian, the ortho-normalization 
conditions between the time-dependent perturbed orbit­
als at any time are the same as those between the unper­
turbed ones and have to be ensured at each order of the 
perturbative expansion. For this we take an approach 
employed by Hurst et al 42 for the VP calculation of 
static response properties within the HF theory . To sat­
isfy the orthQ-normality condition (Eq. 48) we take the 
induced orbitals as 

. N x!')(r,t) = fi')(r,t) - L ((xIO)lf?») + (X!!JIX;'»)) x;U)(r) j=l 
. . .  (7 1 ) 

wherej(l)(r, t) andj(2)(r, t) are the unconstrained func-I I 
tions whose variational forms we represent by the l inear 
combinations of STOs. With this we complete the dis­
cussion on the varational form for the induced orbitals 
and their ortho-normalization . Now we proceed on to 
present the results of our calculations. 

C. Results and discussion 
We now report the results of our calculations of re­

sponse properties of helium, neon and argon by em­
ploying the approach outlined above. Presented in Table 
I are the static values a (0) of l inear polarizabilities of 
these atoms, while their frequency dependence is dis­
played in Figs I - 3. These are compared with the ab 
initio results of B'ishop and Lam43 for He and with the 

Table 1 - Static linear polarizabilities of helium, neon and 
argon atoms with LOA and LOA + LB orbitals in 

comparison with the ab ir;itio and experimental numbers 
(in atomic units). 

Atom a �02 

LDA LDA+LB Ab initio Expt. 

He 1 .63 1 .40 1 .38443 1 .39 

Ne 3.00 2.61 2.6344 2.67 

Ar 1 1 .80 1 1.52 1 1 .2044 1 1 .08 

2.0 

----
o 
d ------
8 
d 1.5 

Fig. I - Plot of a(w)/a(O) as a function of frequency w for helium. 
The squares. open circles and filled circles represent the LOA. 
the LOA + LB and ab initio results4\ respectively. 

1.015.--_______ � 

1.010 
..--o '-' � 8 
�.005 

Fig. 2 - Plot of a(w)/a(O) as a function of frequency w for neon. 
The squares, open circles and fi lled circles represent the LOA, 
the LOA + LB and ab initio results44 respectively. 
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1.035.-----------, 

1.020 
0-
� 8 '-' 

:; 

1.005 

• 1-
0.00 

Fig. 3 - Plot of a(w)/a(O) as a function of frequency w for argon. 
The squares. open circles and fil led circles represent the LOA. 
the LOA + LB and ab initio results44• respectively. 

9 .---�-_,-____ � 

0.0 0.1 
ill 

r , 
i 
I 

! 
o ! 

.0:2 

Fig. 4 - Plot of y(3w)/yCO) (THG) as a function of frequency w 
for helium. The squares, open circles and filled circles 
represent the LOA. the LOA + LB and ab initio results4". 
respectively. 

2 ,---�-�.-_� __ � 

0.1 
w 

0.2 

Fig. 5 - Plot of y(w)/y(O) (OFWM) as a function of frequency w for 
helium. The squares. open circles and filled circles represent 
the LOA. the LOA + LB and ab initio results4\ respectively. 

MP2 results of Rice et al.44 for Ne and Ar . As expected, 
the LDA ground-state orbitals overestimate the value of 
a at each frequency. Further, the LDA predicts it to be 
increasing faster than the ab initio calculation. However, 
when accurate orbitals obtained from the LB potentials 
are used, the match between the DFf results and those 
of ab initio calculations is excellent for the frequency 
range considered. We note that the optical range of fre­
quencies extends up to about 0) = 0. 1 .  

Next we present the results for the nonlinear polariz­
abilities of these atoms. Shown in Figs 4 and 5 is the 
dynamic behaviour of the DFWM and THG coefficients 
of helium with tDA (0) = 82.84 a.u . ,  tB (0) = 42. 84 a u 
and "('h initio (0) = 43. 1 0  a.u. (Ref. 46). Like the linear 
polarizabilities, the nonlinear polarizabilities calculated 
with the LDA orbitals are larger than their ab initio coun­
terparts. However, the error is much larger in this case. 
Further, both 'fFWM and y THG obtained from the LDA 
orbitals increase much more rapidly with frequency as 
compared to the ab initio results. On the other hand, the 
LB orbitals lead to accurate results for both the magni­
tude and the frequency-dependence of these quantities. 

Although accurate ab initio calculations of nonlinear 
polarizabilities over a range of frequencies have been 
performed for the helium atom, this is not the case for 
neon and argon. However, experimental numbers for 

Table 2 - THG coefficients for helium. neon and 
argon atoms with and without the LB correction to the LOA along 

with their experimental values (in atomic units). 

Atom A, = 6943.A' A, = 10550 A' 

LOA LOA+LB Expt.4K LOA LOA+LB Expt. "' 

He 98.46 48.35 53.6±7 R9. 1 2  45. 1 1  44.07±4.8 

53 .6±2.4 

Ne 230.30 1 03.68 1 1 9± 1 3  202.67 95.50 78.27± 8.3 

96.5±4.8 

Ar 2532.8 1 560.3 1 69 1± 1 67 1 925 1 275. 1  1 02 1 . 3± 1 07 

786±48 

Table 3 - OFWM coefficients for helium. neon and argon atoms 
with and without the LB correction to the LOA 

Atom 

He 

Ne 

Ar 

(in atomic units) 

A. = 6943A' 

LOA LOA+LB 

87.62 

1 98. 1 6  

1 863.0 

44.57 

94.06 

1 226. 1 

A. = 1 0550A' 

LOA LOA+LB 

84.86 

1 90.45 

1 725.5 

43.58 

9 1 .65 

1 1 54.8 
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the THG coefficient are available for all three atoms at 
A = 6943A (co = 0.0433 a. u .  and at A = 1 0550A (co = 0 
0658 a .u.) . In Table 2 we compare the numbers obtained 
by us with the experimental values. It is evident that Off 
calculations based on LB potential lead to highly accu­
rate results for this coefficient whereas the LOA overes­
timates it by a large amount. In Table 3 we give the num­
bers for OFWM coefficients of these atoms at the wave­
lengths given above; there are no experimental numbers 
available for these coefficients. It is seen from the Table 
that LB orbitals give values which are much smaller than 
their LOA counterparts, and should also be close to ex­
perimental numbers. Notice that the THG coefficient is 
larger than the OFWM coefficient at all frequencies, as 
indeed is expected . 

It is evident from the discussion above that the ex­
change-correlation functional that gives the asymptotic 
structure of the corresponding potential correctly, would 
lead to accurate results for the response properties. The 
LOA, on the other hand, overestimates these properties. 
The error is small for the linear case whereas for nonlin­
ear properties it is quite large. Notice that in all these 
calculations, the changes in the energy are still calcu­
lated using ALOA. This then implies that ALOA is a 
reasonable approximation in the optical range of frequen­
cIes. 

V. Concluding remarks 
Time-dependent density-functional theory has come 

a long way since the first ad-hoc time-dependent calcu­
lation49.50 employing Off methods was reported. Now 
it is being applied to calculate response properties of 
atoms and molecules I 3- l s .  39 .5 1 to describe7.8. 1 2 the 
behaviour of atoms in intense laser fields and recently it 
has also been used to estimate52's3 the excited states of 
atoms. In this paper we have described the work done 
by us in the direction of developing and applying varia­
tion-perturbation method within this formalism. With the 
accuracy of the results obtained for atoms, it is clear that 
it can now be applied to obtain linear and nonlinear op­
tical response properties of more complicated systems. 
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