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Variational data assimilation in ocean model: A simulation experiment
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Variational data assimilation approach using adjoint equations has been used in a reduced gravity
model of the Northwestern Indian Ocean. The method minimises a cost function defining the misfit
between the model and the data with the model equations acting as constraints. Several numerical
experiments have been performed with simulated data generated from a control run of the model with
analysed wind forcing data. In the case of perfect data, assimilation procedure is able to recover Sea
Surface Elevation and current. The algorithm is found to have good potential and will be very much-
applicable for assimilation of spaceborne altimeter data. :

Ocean models and data assimilation techniques
will have much more important role than their
meteorological  counterpart in  successfully
extrapolating the surface information into the
ocean interior for reconstructing the most realistic
possible ocean circulation. Sophisticated data
assimilation  techniques are required for
successfully assimilating asynoptic satellite data
into ocean models. The forecast capabilities of
ocean models could also be immensely improved
by assimilation of real time sea surface height data
from satellite altimeter and sea surface wind
vectors from satellite scatterometer'™.

Data assimilation is the process by which
observations are treated in order to specify the
initial conditions of a numerical forecast model. A
detailed description®® of the variational data
assimilation procedure has been provided with a
simple wind driven model. In this method,
observations distributed in time and space are used
to constrain the entire phase-space trajectory of the
model and this is the major difference from the
other sequential data assimilation methods.
However the method is computationally expensive
to use, but due to use of all past observations
simultaneously for fitting the trajectory, it appears
to be much more logical to use than other
sequential assimilation methods. In the present
study, it has been tried to utilise the technique for a
linear reduced gravity model of the northwestern
Indian Ocean with analysed wind stress data. (The

wind stress data was kindly provided by Prof.
O'Brien of Florida State University). In view of the
large number of upcoming spaceborne sensors like
ERS-1/2, Topex, OCEANSAT-II with a radar
altimeter to map the ocean surface, it will be
important to study the assimilation of satellite data
into numerical ocean models. The present study is
a step in that direction.

Materials and Methods .

This approach minimises the .cost function
representing misfit between the model and the
data. An extensive review has been provided by
many investigators®!!. In this specific case, the
observations will consist of measurements of
oceanographic fields, e.g. the measurements of
interface depths. Minimization has to be done with
respect to a set of control variables. The control
variables are the model initial conditions and the
problem is of constrained minimization. Since the
cost function is an implicit function of the initial
variables, minimisation amounts to setting the
partial derivatives of the cost function with respect
to the initial variables to zero. The constrained
problem is solved by redefining it so that it
becomes a problem of unconstrained minimisation.
The required partial derivatives constitute a very
high dimensional vector and cannot be found by
simple differentiation. An elegant way of tackling
the problem is to use the adjoint equation
technique. The optimisation is done by solving a
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set of equations consisting of the model equations
and the corresponding adjoint equations forced by
the model data misfit. The adjoint equations are
derived using Lagrange multiplier technique. A
Lagrangian is constructed as the sum of the cost
function and the constraints (model equations)
multiplied by corresponding Lagrange multipliers.
The minimum of the cost function coincides with a
stationary point of the Lagrangian. To find this
point one has to set the partial derivatives of the
Lagrangian equal to zero. The partial derivatives
- with respect to the Lagrange multipliers recovers
the model equations and the partial derivatives
with respect to the model variables constitute a set
of adjoint equations.

The solution of the adjoint equations at the
initial time provides the partial derivatives of the
cost function with respect to the initial variables.
These partial derivatives are required for
minimising the cost function using optimisation
methods like conjugate-gradient or quasi-Newton.
The algorithm thus proceeds in an iterative
fashion. Each iteration consists of a forward run of
the ocean model, a backward run of the adjoint
model to provide the required partial derivatives
for minimising the cost function. The minimum
thus found provides the improved initial values
and the integration of the model with these
improved initial values results in a better forecast
capability.

Model and the adjoint equations

.The model developed for this study is a linear
reduced gravity model of the northwestern Indian
Ocean in spherical coordinates. The area involved
is from 29°S to 23° N and from 40°E to 75°E. The
reduced gravity simply describes the ocean
consisting of two layers, one active upper layer and
another passive lower layer. The density difference
between the layers is Ap and the mean density is p.
The standard assumption of hydrostaticity has been
invoked and reduced gravity is denoted by
g'(=gAp/p). The motion of the upper layer
represents the first baroclinic mode. Both the
layers are homogeneous -horizontally and
vertically. The model equations in the transport
form with spherical co-ordinates are written as’
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Here U=uh and V=vh represent the eastward and
northward components of upper layer transport,
respectively, where (u,v) are the depth-independent
(9,0) velocity components in the upper layer and h
is the thickness of the upper layer, @ and 6 denote
longitude and latitude respectively, t is the time, ¢
is the wave speed of the first baroclinic mode and
the value chosen for ¢? is 6 m® sec? which is
typical for the Arabian Sea, f is the Coriolis
parameter and a is the radius of the earth. The
coefficient for eddy viscosity A has been chosen to
be 1000 m’sec™. g’ has been taken as 0.03 m sec™
and p = 1023 kg m™>. .

The grid employed is Arakawa C-grid and the
spacing is 0.5°, uniform in both meridional and
zonal directions. The time step is 30 minutes. The-
finite difference scheme is leap frog with a forward
time step after ¢very 99 steps to suppress the
computational mode. The coastlines are treated as
no-slip boundaries.

The primary forcing of the model is windstress
and t® and 1° are the eastward and northward
components of windstress. .

The cost function J is defined as
J= ]’% (h-h,,)? do L@

where h,, represents an observation of the upper
layer thickness. The integration is taken over the
entire spatiotemporal domain over which the
model is integrated. The Lagrangian is formed as

(B.E, +B.E, + BE)]

L= 1
+5(h—h0bs)

do . (5

where,,,8, and B, are the Lagrange multipliers for
U,V, and h respectively and E,, E, and E, are the
left hand sides of U,V and h equations when all the
terms have been brought to the left hand side and
the right hand side represents zero. The stationary
points of the Lagrange function (which correspond
to the minimum of the cost function) can be found
by letting the first variation of L with respect to the
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variables U,V, h, 8,, B, and.B, vanish. The first
variation of L with respect to 8,, 8, and 8, gives the
original model equations (1-3). Constraining the

first variation with respect to U, V and h to zero

leads to the adjoint equations :

ap c> B 2
-—+1f, = ——+AV . (6
ot + 1. a cosd 0”(p+ Ay ©
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- —ff =——+AV . (7
o Pt B, @
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It can be easily seen that the adjoint equations
are forced by data misfits represented by the last
term in equation (8). Comparing equations (6-8)
with model equations, one can see that they have
similar form, except that adjoint equations
corresponds to evolution backward in time. The
Lagrange variables therefore carry information
about the misfit backwards to the initial time of the
data assimilation period. The gradient of the cost
function is contained in the values of the adjoint

variables at the model initial time''. The temporal
domain in which the cost function is minimised
has been chosen as 10 days.

Results and Discussion

In this study, the model has been spun up form
rest with the initial upper layer thickness of 200m
at each grid. A steady annual cycle was achieved
by running the model for six years with monthly
averaged wind stress data of 1993. The current
pattern. simulated by the model resemble the
generally observed patterns in the Arabian Sea.
The data for January 15 has then been stored as
initial state of the model.

The model has been run for 10 days starting
from initial conditions. The upper layer thickness
(ULT) values at each space and time levels have
been stored to be used as synthetic observations
(hes). Figure 1 shows the initial sea level and
current values. The ULT wvalues have been
converted to sea surface elevation (SSE) by
multiplying upper layer thickness by density
difference of two layers i.e. SSE = ULT*(Ap/p).
This data was further used in assimilation
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Fig. |—(a) Initial sea surface elevation without noise., (b) Initial current field.
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procedure. Thereafter, assimilation has been done
with the assumption of initial thickness, U and V
component of current as 200, 0 and 0 respectively.
The assimilation was done for 10 days and data
(hss) has been provided at all time step for
retrieval of initial conditions. Figure 2 shows the
retrieved initial values of SSE and current. It can
be clearly seen that assimilation is able to retrieve
the initial values with a very good accuracy. It has
to be noted that, however only h values have been
provided (no current data) in the assimilation
procedure, even though current values have been
retrieved very well.

Any observational data set may not be perfect as
synthetic data, it will always have noise embedded
in it. To simulate the actual data, Gaussian noise
has been added in the synthetic perfect data set
with the standard deviation of noise as one fourth
of standard deviation of actual data. Figure 3
shows the initial SSE and current data with noise.
After assimilation of 10 days, we recover retrieved
initial values as shown in Figure 4. Even after
putting noisy data of ULT, one was able to recover
SSE wvalues perfectly well. The surface current
values have also been retrieved with very good
accuracy, the rms error between initial data and
retrieved being 5.

Since the satellite passes over a certain location
after a few days, so the observation for a particular
location may not be available all the time. At each
locations, - data will be available only after
averaging over a few days. To imitate this
situation, it has been tried to see the effect of
observational data only at few time steps. A
number of experiments have been done with
observations of h provided 12 hourly, every 2
days, every 5th day and only at Ist and last time
steps. Figure 5 shows the retrieved initial values
after the assimilation, when the h data was
provided at only 2 days interval. The data at each
step was then linearly interpolated. The SSE values
again perfectly march with the initial values. Even
in the case of retrieved currents, which were not
provided at all for assimilation run, one is able to
retrieve it very well. The major current systems are
clearly reproduced in retrieved values.

In the next experiment, observations were
provided with noise at 2 days interval. Figure 6
shows the' retrieve values. In this case, the
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retrieved values of SSE have rms deviation of 3.4
which is comparable to standard deviation of
initial data itself. It means that assimilation is able
to reproduce the actual observations (i.e. with
noise) not the noise free initial values, which may
be understandable because assimilation procedure
tries to minimise the misfit between observation
and model. In the present experiment, observation
itself is noisy, so retrieved values also have noise
of the similar magnitude. , .

Figure 7 shows the retrieved values of SSE and
surface currents in the case of observation data
provided only at initial and final time steps. Even
in this extreme case, retrieved h values are perfect.
The assimilation procedure is also able to
reproduce current values, which were not provided
initially.

In this study, variational data assimilation
technique has been developed for a reduced gravity
model of northwestern Indian Ocean. Several
experiments have been performed to see the effect
on retrieval of initial values by assimilation
procedure.

The model was initialised by analysed wind
stress data.The perfect and noisy observations were
generated and initial values have been retrieved
using 10 days assimilation of data. The r.m.s.
deviation between initial and retrieved values have
also been computed. It has been seen that in the
case of noise free data, r.m.s deviation between
initial and retrieved values is very less, implying
the success of assimilation procedure in recovering
initial fields. It is true for all experiments, i.e. even
if data is provided at all time steps or only at very
few time steps. The r.m.s. error between actual
initial  values of current and recovered values,
however, increases with less number of h
observation data provided in assimilation.

For the case of noisy observational data, if the
observation has been provided at all the time steps,
the recovery of initial h and current field is very
good, however if the observations are not available
at all time steps, such as in the case of data given
at 2 days interval, the recovery of initial SSE is not
perfect. The error in recovery of SSE is same as
error given in observation data field. For the case
of currents, however the recovery is not at all
good. It means that, without providing any current
data; recovery of current with noisy observations



56 INDIAN J. MAR. SCL, VOL. 27, MARCH 1998

. 204

15 > oPaad? 144 peYdipy

10 AECPrARRARCLEYip Y

rddbecs 1324
54 RAK gt & & >
AIPIPq ASSENTee et s s LY
Potredta 4 &
% ¥ AP Py NIt S4 C ¢ <
v
0. 1l

-
¢ €L CLALCITETFRER ¥

Latitude

-54 N L vibel
aynedrr3draa
C I X 12 ‘\ﬂ»»wv:
-
shundddvic
-10 «re Ay yysrdvedd

tyganed byt
vidagaasteac
Seidedduiwia

: > 4qddyv¥da
tapbapbddy

I bvyyvier

] R o3 paasire

Y-S N4.44AJ RRERR D, gy rd

T3S et 114y v
ThPAEh o4

TR T

SAyBabTARRRRR Gy o

¢ TovadsBaqyisayadthesd vy
Froyeasangiasryatta, ooy

4 S L RISy i e ]

e dd I3 S VPSSP INARA, gy

-25
—t > tAchkyv
WP))))>>>7A re<ad b
40 50 60 70 40 T 70

50 60
Longi tude Longitude
(em) 50 (cm sec-)

Fig. 2—(a) Retrieved initial sea surface elevation (data at all time steps), (b) Retrieved current field (data at all time steps)

l}-

CRRRRRRE R g ppqAnp ~
SARRRERR R ® vv-:q»:::v
DAY AVERRR K gttt 4 >y
bt L 1 4

2Rty
LA R TV L LTS P bperad
RER % IIITACIraase s L
® Aottt

v
R 4 & by LTIRRRR Y ¢
TPq7at gd 3324 rFEE S

NAS D SPPETY
[ S i
2 P hdaget PP IA

;v 1 aAsasd 4
X ldad L L naed
*9

Latitude

A yysddvge?
Caghat s by -

repsdy

& N yoveal vimgasddeary
Y1yt Ad ddqadddviag
rAgygv Qa dqddwV¥Ia
X vpyy Capeprbacy

< ¢ bywybbeh
§ ® pranad>e
OETAREN v L2 4w A
44td Luarysaban Padaqvr

A3
~15

®
~20 4 TIPS TTITT T o0y
e () 5 (4 20 ""gtv'n:uqunb;,:::l
¢ A 12 o D Junn Aay apry APRRER Loy
4 3 > . Ty ASSBALY Loty APRRN LI SO,
ﬁ 10 TPPVIAARALNS S adyAstR oy
~25 [y £ a\ —6¢ q -251 PO PPVTA4ay I B2 pVESSL gy v
N S 16 JET SN \9F 02,0 PO s s s IRISA, g
& ;\g,?‘ S S t) 199G OPPYIM
N7 T 4 ORI T 1A O s O = Trrrra32vavecaly
40 50 60 70 40 50 - 60 70

Longi tude Longitude
(cm) 50 (cm sec-)

Fig. 3—(a) Initial sea surface elevation with noise., (b) Initial current field.



RAJ KUMAR ef al.: VARIATIONAL DATA ASSIMILATION IN OCEAN MODEL

20

151

Latitude

~151

204~

~251

A

<4 o
a—phay L L4 van
,.AA-: e { .

rrtearre
réraseeee 4.”
VAN AYPIPYLy gy
PCIPELCARARPY Ly
e YT TI LI T
SRy g s ? TPVIIATV Y
dyvd 1‘4(‘44‘..“*
apbCrreddldannpy
sv3PTITVYIIIVaagd

PAVRRARR UGy & b b+
SR PPr Attty asaans Y
PAgD P PYTEAIREGq gttt d &
Ml sy
PARERRE G (L L aadsasddTTPad
» €CREMALTTIA,
PP Y S DPYTOTT L L isa s
EF T Lhbpp bSTTIVER Y
rittdadlCrAAACTY
Qv ibbbpasyTame
L*&.»»)»»va‘
» 123 :
T e ey
s resdly
(X 374&:-' 2¥2a2> P L4¥
..t“s’ 4> yu s> viV> o
2l
“Fath et
atvecs S5 vy <
‘A rtesay ApdgbrblaTr

* ¢ &4 Ry CrCLhddaT

vty ! * Cyqqeidan

Mg N VSR P Vig aad2T

Rx\!v:q‘ vV

g Yy AAS (1113 A;-’Vyr
»gorrd RRRRAK

* > L&A At
REE® Ay VoesvrALSBRALL 4 uu)
{ CAPEE DA p PPy APRRR Ry qa

sy
s

CT R

ReqhRYp 03 2440 APPRRAL 4

ATPPVISALY P A2 ppVestan (v
»L--.w '}x"h ccrrrn,

A gy
4 '1>n.‘o«v"11>1.’
POBLOTSITY b & 249" S5aA

0 50 80 70 40
Longi tude

(em)

S0 50 70
Longitude
50 (cm sec”)

Fig. 4—(a) Retrieved initial sea surface elevation (data at all time steps with noise},
(b) Retrieved current field (data at al time -

Latitude

4m?}

¥

=251

* SyaatEBLayraI> ABRRR Ly (ot
a P IPIAASAA] 222 AR, Sy
sl d et d

Py ¥ b g -
P2TaddT TV AV ey
O S et ¢
%J‘vaﬂﬂul (FF(LL"
- 4 CAna LprTCibVay
«PrATANARLCLY, Y

g
»

WIERE R b et d Crrbpoe?
R aRAXRES v r ZaAripery
F LI UPR L PP Pp e

A rre e R R Ry gebaratnn

A e e 2 R

SERR T
(CFERT ¥ (L Lise EFRRTS ¥
4 bvY blpaPERRY
93Lasbind FIPaAS
Parb b b PP TV BN
lﬂgn‘i’)b“-‘
ATayyesrrarad
- 1AV4,“»L7Q7
e w7 v
P PILY P AP uuaPYILLY
4 CAS AP yytt Hvady
VvE raaty xusaceivy
44yv4Vv véapardadasr]
Al Vi qidqVvia
"\“‘fi Aqduviddg
tigbphadir
S Lvyvvibca
SE & w3l asdP
ReKEw A3 4 gddd p
ottt € 2> RuRRR D, 4 gV
S ¥ P> b etrA RRRKRD od 4 yuy
RRERAAA D g pIVALPRRRL v Y
Aanstbans pasrattiReciy v

L¥Prperedday Paspwesta, v
an)bh;v-l‘- AVeV

D R

» o-v"'-—»wov»obvvvvy))»»wnart(‘-v

P> >PIVTLA LYY

50 60 40
Longitude

(em)

50 50 70
Longitude
50 {(cm sec”)

57

Fig. S—(a) Retrieved initial sea surface elevation (data at 2 days interval), (b) Retrieved current field (data at 2 days interval)
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Fig. 8—Reduction in cost function with iteration numbers

only at a few time steps will not be possible,
whereas sea level values can still be recovered
with sufficient accuracy.

The results have shown that algorithm is
computational efficient. As can be.seen from Fig.
8, that convergence is achieved very fast in the
case of noise free data and cost function reduced to
approximately 10° times of original values,
however in the case of noisy data, generally cost
function reduces up to 10° times only.
Minimisation routine used for the convergence is
variable storage (or limited memory) quasi Newton
method developed by Gilbert and Lemarechal'?.
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