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SR data is fitted using three two-parameter SR models based on the least square method and then verified the 

posterior distribution of the “degree of compensation” parameter in the Shepherd SR model. Results of Akaike 

information criterion (AIC) showed that the Cushing SR model was the best SR model for this stock. According to 

the results of the Bayesian analysis, we had estimated the uncertainty on Maximum Sustainable Yield (MSY). For 

the B-H SR model, the 80% confidence interval of MSY was (19168, 25860) t, with a median of 22085 t. For the 

Shepherd SR model, the 80% confidence interval was (21414, 29044) t, with a median of 24799 t. In comparison 

with the other studies, the result of the Shepherd SR model was similar but the result of the B-H SR model was 

conservative.  

 

[Keywords: Stock and recruitment relationship; Bayesian analysis; Thunnus alalunga; Maximum sustainable 

yield] 

 

Introduction 

Relationship between stock and recruitment 

(SR) is important to fishery management and 

being considered as an essential part of fish 

population dynamics
1, 2

. It has been pointed out 

that some fish stocks which had collapsed were 

due to the recruitment overfishing
3-5

. Therefore, 

attentions are needed to the SR data and actions 

must be taken before recruitment overfishing
6, 7

. 

Actually, various SR relationships have been 

developed by Ricker
8, 9

, Beverton and Holt
10

, 

Cushing
11

 etc. These models differ mainly by the 

degree of compensation. Later, Shepherd
12

 

showed a three-parameter SR model which 

bonded these dynamics into a single model. Due 

to different forms of SR models, estimating an 

appropriate SR relationship is important to stock 

assessment and fishery management
1
. Bayesian 

analysis is a method that generates posterior 

distribution by combining maximum likelihood 

methods with prior information
13

. In comparison 

with analysis based on maximum likelihood 

which fixes the values of parameters, Bayesian 

analysis can be used in coping with the 

uncertainties of parameter estimation
14

.  

 

The albacore (Thunnus alalunga) is a species 

of temperate tuna which extensively distributed in 

all oceans as well as the Mediterranean Sea
15

. In 

the Atlantic, the International Commission for the 

Conservation of Atlantic Tunas (ICCAT) has 

divided it into three stocks: northern and southern 

Atlantic stocks (separated at 5ºN) and 

Mediterranean stock
16

. Because the northern stock 

is considered over-fished with over-fishing still 

occurring, ICCAT has issued a rebuilding plan 

which allows the northern stock to rebuild to 

target population levels by the year 2020. 

Although the status of the southern stock is better 

than the northern stock, in the year 2011 Albacore 

assessment meeting by ICCAT suggested that the 

southern stock may be facing with overfishing. 

Fortunately, a lot of study has been done, using 

the simple production model as well as Virtual 

Population Analysis (VPA) to assess this 

stock
17,18,19

. However, no research on obtaining 

suitable shape of the SR relationship is reported. 

Although Wang et al.
20

 had applied Bayesian 

method on the anchovy stock (Engraulis 

japonicus) using the Shepherd SR model, their 

study did not compare the Shepherd SR model  
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with the Beverton-Holt (B-H) SR model as the 

Shepherd SR model is actually the B-H SR model 

combining with a third parameter. We also 

attempt to verify the posterior distribution of the 

third parameter from fitting the SR data with the 

Ricker, B-H and Cushing SR models.  

Maximum Sustainable Yield (MSY) has been 

accepted as one of the target Biological Reference 

Points (BRPs) and it constitutes the foundation of 

federal fishery management policy in the USA
21

. 

SR relationships can be used to determine 

management reference points
22

. Present paper 

estimates the uncertainty on MSY of the southern 

albacore stock based on the results of Bayesian 

analysis for both B-H and Shepherd SR model. 

 

Materials and Method 

The SR data of the southern albacore from the 

year 1956 to 2005 (Table 1) used this paper were 

obtained from the ICCAT statistical databases and 

ICCAT
17

. Recruitment is the number of 1-year 

old fish back calculated from the VPA analysis. 

Spawning biomass is also measured by number. 

Programs and Bayesian analysis were run in 

Visual Basic for Applications (ver 7.1) and R (ver. 

3.2.2).

 

Table 1 The stock-recruitment data of the southern albacore (T. alalunga) stock from the year 1956 to 2005 

Year 
Spawn 

(thousand) 

Recruits 

(million) 
Year 

Spawn 

(thousand) 

Recruits 

(million) 
Year 

Spawn 

(thousand) 

Recruits 

(million) 

1956 267.5 12.69 1973 135.5 9.188 1990 84.44 9.713 

1957 266.1 13.26 1974 133.8 9.188 1991 79.42 9.463 

1958 264.7 12.69 1975 131.3 8.888 1992 81.65 11.41 

1959 261.9 12.31 1976 133.8 10.64 1993 76.07 10.79 

1960 254.1 12.16 1977 128 9.738 1994 71.32 9.963 

1961 248.8 12.34 1978 126.9 10.66 1995 71.05 9.313 

1962 237.6 12.64 1979 126 8.813 1996 76.35 9.813 

1963 228.7 12.66 1980 123.2 10.66 1997 82.49 11.11 

1964 213.1 12.44 1981 118.2 10.81 1998 84.44 9.713 

1965 197.7 11.94 1982 112.1 8.988 1999 85 7.963 

1966 190.2 10.09 1983 89.46 9.988 2000 83.32 7.838 

1967 184.9 10.61 1984 109.6 10.91 2001 79.97 8.438 

1968 187.4 11.09 1985 122.1 9.588 2002 68.26 9.713 

1969 176 9.813 1986 116.8 9.363 2003 62.4 10.11 

1970 170.4 10.06 1987 97.55 9.513 2004 58.21 8.913 

1971 160.9 9.788 1988 86.67 9.838 2005 60.44 8.588 

1972 145.5 10.26 1989 86.39 8.788 
   

 

The most commonly used two-parameter SR 

models are: 

1

aS
R e

bS




 (Beverton and Holt)         (1) 

dSR cSe   (Ricker)                   (2) 
nR mS e (Cushing)                   (3) 

Where R is the number of recruits generated by 

spawning stock S. a, b, c, d, m, and n are 

parameters in respective SR models, ε is a 

stochastic term following normal distribution, and 

ε~ N (0, φ
2
). We assumed there is no measured 

error and the difference between observed and 

estimated recruitment are due to natural 

variations. 

The three-parameter Shepherd
12

 SR model 

tends to be more complex but flexible, with a 

stochastic lognormal error:  

1 ( )

S
R e

S











 (γ >0)                  (4) 

Where: α, β, γ are parameters and λ is a 

stochastic term following normal distribution, λ~ 

N (0, σ
2
).The parameters α and β respectively 

represent the original rate of growth and the 

effects of density-dependence and γ is the degree 

of compensation.  

As the third parameter γ changes, the shape of 

SR relationship will be different: for values of γ > 

1, the recruitment increases at first and decreases 

when spawning stock S at a high level, like the 

Ricker model; when γ =1; this model will turn to 

the B-H SR model; when γ < 1, the recruitment 

will increases as the spawning stock rises, similar 

to the Cushing SR model. Therefore, we fit the 

SR data using the three SR models based on the  
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least square method and then get some 

information about the value of γ. Akaike 

information criterion (AIC) 
23 

is used to decide the 

best fit of the three SR models. The smaller value 

of AIC means the better fit. 

AIC= -2 ln (maximum likelihood) + 2m   (5) 

Where: m is the number of the estimated 

parameters and the likelihood function is:  

2

2

1 1
( | ) exp[ (ln ln ) ]

22
t t

t t

L D R R
R


 



  
    (6) 

Where: θ denotes the parameter vector in SR 

models, ϕ is the standard deviation. tR


and Rt are 

the estimated and observed number of recruits 

during year t. 

Bayesian analysis is used to generate posterior 

distributions of the parameters in SR models. This 

study uses uniform priors for the parameters in 

SR models. The prior of the parameters in the 

Shepherd SR model were set as α∼U [0.1, 5], 

β∼U [0.015, 0.8], γ ∼U [0.01, 50] and σ ∼U [0.01, 

2], following the study of Wang et al.
20

. 

It can be intuitively known from the equations 

that the Shepherd SR model is actually the B-H 

SR model combining the parameter γ. So this 

study also apply the Bayesian method on the B-H 

SR model to obtain the joint posterior distribution 

of the parameters a and b. This may be help to 

know how the third parameter affects the 

Shepherd SR model. The prior of the parameters 

in B-H SR model are also set as a∼ U [0.1, 5], b∼ 

U [0.015, 0.8], and φ ∼U [0.01, 2]. 

Then the posterior probability is calculated 

using the Sample Importance Resample (SIR) 

method
24, 25

.  

From many variants of SIR method we choose 

a simple variant as Raftery et al.
26

 and Punt and 

Walker
27

 used. The SIR process is fixed to run 

until 1000 groups of SR parameters have been 

created.    

For the B-H SR model, each equilibrium yield 

in SR relationship can be shown as: 

2, ~ (0, )
1

e
e e e e

e

aS
Y R S e S N

bS

     


     (7) 

2
1 0

( 1)

e

e e

dY ae

dS bS



  


                   (8) 

The required spawning biomass for MSY, Ss 

can be obtained: 

1
s

ae
S

b

 
                          (9) 

2
2(1 )

MSY , ~ (0, )
1

s
s

s

ae S ae
S N

bS b

 

 


  


 (10) 

For the Shepherd SR model, the similar 

procedures are done. For the required spawning 

biomass for MSY, Ss in the Shepherd SR model 

can be calculated from the follow equation: 
2 2 (2 ) 1 0s sS e e S e                    (11) 

MSY
1

s
s

s

e S
S

S








 

（ ）
, 2~ (0, )N          (12) 

For the above steps, we convert Re and Se to 

weight using the mean body weight of 2.27 kg for 

recruits and 15.76 kg for spawners, following the 

work of Penney
28

, Lee and Yeh
29

 and ICCAT
18

. 

Therefore, estimated MSY by weight are obtained. 

The prior distribution of unknown parameters and 

true values of known parameters are shown in 

table 2.

 

Table 2 The prior distributions of unknown parameters and true values of known parameters in this study 

Unknown parameter Prior distributions Known parameter True value 

α U [0.1, 5] S See table 1 

β U [0.015, 0.8] R See table 1 

γ U [0.01, 50] mean body weight for recruits 2.27 kg 

σ U [0.01, 2] mean body weight for spawners 15.76 kg 

a U[0.1, 5]   

b U [0.015, 0.8]   

φ U [0.01, 2]   

  

Results 

Fig. 1 shows the marginal frequency 

distribution of the parameters α, β, γ and σ in the 

Shepherd SR model and the parameters a, b and φ 

in the B-H SR model.  

 

The 80% confidence intervals are calculated and 

we also give the coefficient of variation (CV) for 

each parameter which can be show in Table 3. 

From Fig. 1 and Table 3, we can see that α and β 

in the Shepherd SR model have broader ranges of  
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posterior distribution and lager CVs than other 

parameters. γ in the Shepherd SR model has the 

smallest CV and the posterior distribution 

concentrate on a narrow range.
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Fig. 1 — The marginal frequency distribution of the parameters α, β, σ and γ in the Shepherd SR model and the parameters a, 

b and φ in the B-H SR model. 

 
Table 3 The 80% confidence intervals including median values and CVs of parameters in the Shepherd SR model and the B-H 

SR model based on Bayesian analysis. 

Model Parameter 80% confidence interval Median CV 

Shepherd model 

α (1.521, 3.741) 2.615 0.597 

β (0.263, 0.762) 0.557 0.671 

γ (0.778, 0.869) 0.823 0.0777 

σ (0.0857, 0.113) 0.0965 0.197 

B-H model 

a (0.358, 0.677) 0.462 0.453 

b (0.0265, 0.0573) 0.363 0.544 

φ (0.0903, 0.119) 0.103 0.194 

 

Fig. 2 shows the joint posterior distribution of 

the parameters α, β and γ in the Shepherd SR 

model. The joint posterior distribution of the 

parameters a, b in the B-H SR model is given in 

Fig.3 to compare with that in the Shepherd SR 

model. We fitted the data by linear regression as 

the parameters a and b in the B-H SR model 

showing an obvious linear correlation. The linear 

regression equation for them expresses as b= 

0.0962a - 0.0079 (R² = 0.997). 

As the degree of compensation, the parameter γ 

decides the shape of SR relationship in the 

Shepherd SR model. We fit the SR data using the 

three two-parameter SR models based on least 

square method. Fig. 4 shows the observed SR 

data of the southern albacore stock and the three 

fitting curves respectively using the B-H, Ricker 

and Cushing SR model. The three two-parameter 

SR models show different shapes especially at the 

end of the curves. The Ricker SR model has a 

downtrend at the end of the curve while the 

Cushing SR model rises all the time; the curve of 

B-H SR model increases firstly and then maintain 

stable. 

 

 
Fig. 2 — The joint posterior distribution of the parameters α, 

β and γ in the Shepherd SR model. 

 

AIC is used to choose the best SR model this 

paper. Results shows that the Cushing SR model 
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generates a minimum value of AIC for 138.83, the 

Ricker model possesses a maximum value 183.32 

and the obtained result for the B-H model is 

146.91. 

 

 
Fig. 3 — The joint posterior distribution of the parameters a 

and b in B-H SR model with a fitting regression line. 

The frequency distribution for MSY based on 

the results of Bayesian SR analysis is shown in 

Fig. 5. For the B-H SR model, the 80% 

confidence interval of MSY is (19168, 25860) t, 

with a median of 22085 t. For the Shepherd SR 

model, the 80% confidence interval is (21414, 

29044) t, with a median of 24799 t. MSY of the 

B-H SR model show conservative results than the 

Shepherd SR model. 

 

 

 

 

 

  
Fig. 4 — The observed SR data (dot) of the southern albacore (T. alalunga) stock from 1956 to 2005 and the fitting curves 

respectively using B-H, Ricker and Cushing SR model. 
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Fig. 5 — The frequency distribution of MSY (t) estimated by the B-H SR model and the Shepherd SR model. The vertical 

dashed lines are drawn at the 10% and 90% percentile. 
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Discussion 

The leading reason for using a Bayesian 

analysis is that it can take fuller account of the 

uncertainties linked to parameters
14

. In this paper 

we apply a Bayesian analysis on the SR data of 

the southern albacore, using both the B-H SR 

model and the Shepherd SR model. It can be 

easily known from the equations that the 

Shepherd SR model is actually the B-H SR model 

combining a “degree of compensation” parameter. 

The posterior distribution of parameters which 

respectively represent the original rate of growth 

and the effects of density-dependence in the B-H 

SR model is changed by the adding parameter, 

tending to be larger values. This paper applies a 

lognormal noise term on the SR models, which 

has been shown to be most suitable with SR 

model
30

. The posterior distribution of standard 

deviation parameter seems to be little changed by 

the adding third parameter.  

An interesting result is shown in Fig. 3 that the 

joint posterior distribution of the parameters a and 

b in the B-H SR model have an obvious linear 

correlation. From Ricker 
9 

we know that the 

maximum recruitment Rm can be estimated from a 

/ b in the B-H SR model. Then we can estimated 

the uncertainties of Rm from the joint posterior 

distribution of the parameters a and b. The 80% 

confidence interval of Rm is (11.75, 13.54) 

millions in number, with a median of 12.62 

million. The minimum and maximum recruitment 

in the SR data this paper used are respectively 

7.84 and 13.26 millions in number, therefore our 

result is reasonable. 

Hiramatsu et al.
31

  suggested use AIC to select 

the best SR model and they applied AIC method 

to a number of real data sets. This paper fit the SR 

data using the three two-parameter SR models to 

choose the best one of them in order to verify the 

posterior distribution of the “degree of 

compensation” parameter. So AIC is used for the 

purpose and the smallest value of AIC indicates 

the best fit. Results showed that the Cushing SR 

model is the best fit, and then the B-H SR model, 

the value of AIC for the Ricker SR model away 

from the values of the other two SR models. 

Therefore, the value of the “degree of 

compensation” parameter can be thought less than 

1. The result of the Bayesian analysis shows the 

80% confidence interval of the “degree of 

compensation” parameter is (0.778, 0.869) with a 

median of 0.823, so we suggest the posterior 

distribution is suitable. Most of the Bayesian  

 

 

stock assessments assume that the parameters are 

independent but it must be careful to the prior 

selection
27, 32

. On the other hand, this procedure 

can give some prior information of the “degree of 

compensation” parameter before the Bayesian 

analysis.   

A lot of work has been done to estimate MSY 

of the southern Atlantic albacore stock using 

different methods, for example Lee and Yeh
33

 

used the age structured production model (ASPM) 

with an estimated MSY 28771 t in base case; 

ICCAT
18

 used ASPIC to give a range of estimated 

MSY with 23630 t to 27390 t; Zhang et al.
34

 used 

Delay-difference model with an estimated MSY 

22490 t. In this paper we estimate the uncertainty 

on MSY based on the results of Bayesian analysis 

for both the B-H and the Shepherd SR model. For 

the B-H SR model, the 80% confidence interval 

of MSY is (19168, 25860) t, with a median of 

22085 t. For the Shepherd SR model, the 80% 

confidence interval is (21414, 29044) t, with a 

median of 24799 t. The estimated MSY from the 

Shepherd SR model is similar with ICCAT
18

. The 

estimated MSY from the B-H SR model is similar 

with Zhang et al.
34

 and is the most conservative in 

all studies. The yield of 2011 was 24122 t
18

 so this 

stock must be taken care of and we may suggest 

that the stock should be maintained at current 

state. 

The SR models are used this paper to estimate 

MSY for the southern Atlantic albacore stock. The 

utility of a stock assessment method depends on 

the nature of the fisheries taking the stock. For 

example, if a stock is fished by a combination of 

troll and/or baitboat fisheries taking small fish, 

and longline fisheries taking large fish, then the 

BRPs will change through time as the mixture of 

fishing mortalities by class changes
35

. As this 

stock are mostly caught by longline and purse 

seine fisheries
17,18

, it need further studies to 

determine the BRPs by considering this situation. 

 

Conclusion 

Bayesian analysis gives suitable posterior 

distribution of the estimated parameters in the SR 

models in this paper.  Posterior values of the 

“degree of compensation” parameter in the 

Shepherd SR model suggest SR relationship of 

the southern Atlantic albacore stock is not 

adaptive to the Ricker SR model. The Shepherd 

SR model estimates higher MSY than that of the 

B-H model. These MSY estimations are close to 

the recent catches so we may assume that the  
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stock is at a sustainable state therefore we may 

suggest that fishery managers take some 

management steps to maintain the stock at current 

state.  

However, the uncertainties in fish stock 

assessment, such as the measurement errors and 

the environment variability, were not considered 

in this paper. We estimated MSY directly from the 

SR models so further study is needed when data 

are available.  
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