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To overcome a lot of shortcomings of gradient computations in the variational data assimilation by the adjoint  
method, such as low accuracy, difficult implementation and great complexity et al. a new data assimilation method based on 
dual-number theory is proposed. The new data assimilation method can avoid the complicated reverse integration of the 
tangent-linear/adjoint model. It only need a forward integration in dual-number space to obtain the cost function and the 
corresponding gradient vector. The numerical experiment is implemented for the barotropic primitive equation. The results 
show that the new method can reconstruct the initial conditions of the baroscopic primitive equation conveniently and 
accurately and has a strong anti-noise characteristic. 
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Introduction  
To effectively use the observation data to provide 

the dynamic optimal initial field for models, the initial 
data must be processed before the numerical weather 
prediction is made of the barotropic primitive 
equation model1-2. This is called data assimilation. Li 
et al.3 applied the 4-D data assimilation method to the 
data assimilation of the height wield for the barotropic 
primitive equation and proved that this method can 
reduce the influence of observation errors. Wang et 
al.4 used the variational method to adjust the initial 
field of the barotropic primitive equation and the 
results demonstrate that this method can improve the 
forecast accuracy. Sun2 used the method based on 
evolutionary strategy algorithm theory to do the data 
assimilation experiment of the barotropic primitive 
equation and improved its effectiveness. Currently, 
variational data assimilation (VDA) method is one of 
the most effective data assimilation methods in 
NWP5-8. The VDA methods9-13 include 3D and 4D 
VDA methods (3D / 4D-Var). The latter is the 
extension of the former in the time dimension and its 
performance is considerably better. 4D-Var is the 
most advanced method for ocean and weather 
forecasting and it has achieved great success in 
improving the accuracy of numerical prediction. 
However there still exits many difficulties. (i) 
Because 4D-Var needs to solve the adjoint model14-15, 
and the cost function is usually solved by using the 

conjugate gradient method, the steepest descent 
method, the quasi-Newton iteration method and other 
iterative algorithms, the computation cost is 
particularly large. (ii) To reduce the computation cost, 
the incremental method is often used. But it cannot 
guarantee the convergence of results14-15. (iii) The 
hypothesis of the perfect model is implied in the 
assimilation window, this hypothesis is not hold when 
the model errors are large. (iv)The coding of the 
adjoint operator is a very complex and heavy task, 
and the parameterization of the physical process will 
lead to the discontinuity of the cost function. 

In fact, the biggest difficulty in applying the VDA 
is the gradient calculation of the cost function. In 
addition to the adjoint method mentioned above, the 
difference method is often used to calculate the 
gradient value. But the choice of the difference step is 
a problem and the computation cost of the difference 
method is far greater than the adjoint method in the 
case of independent variables which have huge 
dimensions15. Additionally, the difference method is 
an approximation of spatial differentiation, so it exits 
truncation errors. Actually the gradient of the cost 
function is essentially a partial derivative of the cost 
function on the control variables, therefore, the key to 
solving the gradient of cost functions is to solving the 
partial derivative with high accuracy12. While the 
dual-number has the high accuracy in solving the 
partial derivatives due to its special nature. The  
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dual-number concept and its theory have been 
proposed for more than 100 years, but dual-number 
was applied to robot kinematics, spatial structures and 
other kinematic and dynamic problems until the 
1980s16-17. Zhang et al.18applied the dual-number to 
the perspective N line problem, the advantages are 
that this method avoids the problem of the point 
correspondence and the errors. Zhu et al.19 described 
the synchronization control of relative motion for the 
spacecraft using dual-number and proved its 
effectiveness. Wang et al.20estimated the rotational 
motion and the translational motion of the chaser 
spacecraft relative to the target spacecraft based on 
the dual-number and the results showed that its can 
improve the estimate accuracy. In recent years, dual-
number theory has opened up a new way for 
calculating the derivative information accurately and 
efficiently21-22. Cao, Song et al.23 proposed a new data 
assimilation method based on dual-number theory, 
whose main idea is to convert the calculation process 
of the derivative into the calculation process of the 
dual-number field. And its effectiveness was verified 
in low-dimensional nonlinear dynamical systems and 
data assimilation problems of non-differentiable 
prediction models. Cao, song et al.24 applied this 
method to calculate the finite-time Lyapunov 
exponent and proved that Lagrangian structures can 
be identified successfully. However, the dual-number 
theory has not been applied to the data assimilation of 
the barotropic primitive equation. 

To overcome the shortcoming which the gradient 
of cost function is difficult to calculate in the data 
assimilation of the barotropic primitive equation, a 
data assimilation method based on dual-number 
theory is proposed in this paper. The new method can 
accurately obtain the cost function and its gradient 
without developing the tangent-linear/adjoint model.  
 
Materials and Methods 

The dual-number is defined as: 

â a a      … (1) 

Where a  is the real part and a  is the dual part. Both  
and a   are real numbers. The dual label  does  
not indicate any specific value, but rather the nature 

of 0   and 0n  ( 1n  )25-26. For convenient 
expression, formula (1) can be written in the form of 
binary pair ˆ ,a a a   . The equal conditions of two 
dual-numbers are that their real and dual parts are all 
equal. The dual-number is 0, when the real part and 

dual part are all 0. The module of a dual-number  
is defined as ˆ| |a a , which can be positive or 

negative. The conjugate number of a dual-number â is
â a a   ; thus, 

2ˆ ˆaa a  21-22. If a and a  are 
extended to vector, a dual-number â can be extended 
to dual vectors. 

Using the properties of the dual-number, the 
algebraic operations in the real number field can be 
extended to dual-number space. Assume that two 
dual-numbers are x̂ x x   and ŷ y y   , and that 
their sum, difference and multiplication are21: 

( ) ( ) ( ) ( )x x y y x y x y               … (2) 

2

( ) ( )

( )

x x y y xy xy

yx x y xy xy yx

  

  

      

        
   … (3) 

In formula (3), 2x y   is omitted, not because xand
y are too small but because the square of  is 0. The 

dual-number multiplication represented by formula 
(3) is exactly equal, and there is no truncation error26. 
Next considering the dual-number polynomial 
operation, formula (4) provides a polynomial 
representation in real number space: 

2
0 1 2( ) n

nP x p p x p x p x        … (4) 

where 0 1 2, , , , np p p p are multinomial coefficients. 

Replacing the real number x  with dual-number
ˆ ,x x x x x     in formula (4) and simultaneously 

using the rules of dual-number addition and 
multiplication, it is easy to prove the formula as follows: 

2
0 1 2

2
0 1 2

1
1 2

(1)

(1)

ˆ( ) ( ) ( )
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  





     

  

    

     

 

 






   … (5) 

where (1)P represents the first-order derivative of the 
real polynomial ( )P x on a real variable x , x is the  
seed number, which can take any value. Clearly,  
if 1x  , then the dual part is exactly the value of the 
first-order derivative ( )dP x dx . The other basic 
algebras and new algorithms of standard functions  
in dual-number space are detailed in the literature23. 

Formula (5) can be further extended to the case 
where independent variable is the dual-number vector
ˆ + x x x : 
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ˆ( ) ( ) ( ), ( )f f f f       x x x x x x    … (6) 

In formula (6), x and nRx are all multi-
dimensional vectors. Therefore, as for the function

( )F x , the directional derivative of direction nRx  at 

point 0x can be derived by calculating the function in 
dual-number space directly, and the result is

0 0( ), ( )F F    x x x . 
The derivative value of independent variables can 

be obtained simultaneously when calculating the 
function value in dual-number space, which avoids 
the difference calculation. At the same time, 
truncation error will not be introduced because it 
avoids the difference operations, which results in the 
machine accuracy when it is implemented on a 
computer. 

In the derivative computing method based on dual-
number theory, for any cost function ( )J x that takes 

real variable x as the independent variable, the real 
variable x is first replaced with dual-number
ˆ ,x x x x x     . Then the dual function ˆ ˆ( )J x is 

expanded as Taylor series: 

2 2( ) ( ) 1ˆ ˆ( ) ( )
1! 2! 2

( )
( )

!
( ), ( )

n
n

x

J x J x
J x J x x x

J x
x

n
J x J x

 



 
   

  

  

     … (7) 

Due to 0n  ( 1n  ), high-order remainders that are 
greater than second order on the right-hand side of 
formula (7) can be omitted, and the real part and the 
dual part on both sides of the equation are strictly 
equal. If the value of x is =1x , then the value of ˆ ˆ( )J x is
ˆ ˆ( ) ( ), ( )xJ x J x J   . Therefore, if we want to 

calculate the first-order derivative of the cost function 
on the control variables, we only need to replace the 
independent variables in the cost function of the real 
number with the corresponding dual variables. After 
calculating the value of the function which is in dual-
number form, the first-order derivative of the cost 
function on this independent variable can be obtained 
by taking its dual part21-22. 

As for the multi-dimensional control vector

1 2ˆ ˆ ˆ ˆ( , , , )nx x x x , obviously, there is an similar 

expression ˆ ˆ( ) ( ),( )J J J x  xx x . 

The new method avoids the specialized derivative 
calculation, which can easily achieve the goal of 

solving the gradient for the cost function in data 
assimilation. And the computation cost and errors are 
much less than the conventional difference method. 
After obtaining the cost function gradient of the initial 
height field, a suitable descent algorithm is selected to 
optimize the initial height field. The specific process 
of data assimilation for the barotropic primitive 
equation is as shown in Figure 1, and the specific 
steps are shown as follows19: 

The first step: First, the conversation scheme of the 
second advection is used to achieve the numerical 
procedure for solving the barotropic primitive 
equation. Second, based on dual-number rules in dual-
number space, the relevant procedures (including the 
equation of prediction model, the cost function and so 
forth.) are modified, which can be suitable for the 
numerical calculation of dual-number space. 

The second step: Provide the initial guess 0ẑ  
of the initial height field and construct the  
initial height field in dual-number form. The  
initial height field is constructed in the form  
of 0 0 0

1 1 2 2 nˆ ( , , , , , , )z z z      z e e e0
n , where je

represents the multi-dimensional unit vector whose 
value of the j th component is 1. And that the seed is  
1 for each component of the initial height field. 

The third step: Perform a forward integration for 
the barotropic primitive model using the provided 
guess value in dual-number space. The initial height 
field in dual-number form which is implemented in 
the second step is used as the initial condition of the 

 
Fig. 1 — The flow diagram of data assimilation based on 
dual-number theory 
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barotropic primitive equation model, and the 
procedure implemented in the first step is used to 
perform a forward integration in dual-number space. 
In this way, the evolution track of system state ˆ( )tz in 
dual-number form will be obtained, where the real 
part and dual part of ˆ( )tz represent the value of the 

height field (t)z and the derivative (or Jacobian matrix) 

of ( )tz on the initial height field 0z at different time 
steps, respectively. 

The forth step: Calculate the cost function and the 
gradient vector according to the dual-number theory. 
The value of cost function in dual-number form will 
be calculated by using ˆ( )tz and observation data ( )obs tz . 
Then the value of the cost function in real number 
form will be calculated according to formula (11), 
whose gradient of the initial height field component 
takes the same way to calculate. 

The fifth step: The system control module 
determines whether the termination conditions are 
met. If the termination conditions of the procedure are 
not met, the system choose the optimal iterative step 
to adjust the initial height field. Moreover, a new 
iterative loop will start from the third step. If the 
termination conditions of the procedure are met, the 
procedure will stop, and the estimated value of the 
initial height field will be obtained at the same time. 
To reduce the cost of computation, this study uses the 
usual convergence criterion: the difference of the cost 
function gradient norm between two consecutive 
iterations is less than the pre-specified threshold

1

610i iJ J
   

u u
.At such situations, the 

calculation errors are less than the machine errors12. 
 
Results and Discussion 

For convenience, some finite difference operators 
are introduced ( x direction): 

1 1
, ,

2 2

1 1
, ,

2 2

1, 1,

1
( )

2

1
( )

1
( )

2

x

i j i j

x
i j i j

x
x i j i j

F F F

F F F
d

F F F
d

 

 

 

 

 

 

   … (8) 

In formula (8), F represents u , v , z and d is the 
grade space. Similarly, there are similar difference 
operators in the y direction. The barotropic primitive 
equation in the map projection is defined as follows: 

*

*

2

( ) =

( )

[ ( ) ( ) ( )]

u u u z
m u v f v mg E

t x y x

v v v z
m u v f u mg G

t x y y

z z z z u v
m u v H

t x m y m m x y

   
       

   
     

   
    

     
    

   … (9) 

where * 2[ (1 / ) / (1 / ) / ]f f m v m x u m y       , g is the 
acceleration of gravity. f is the Coriolis parameter. 
m is the amplification factor of map. z is the  
500hPa geopotential height field. u and v are the 
component of the 500hPa horizontal wind velocity  
at x and y coordinate, respectively. E , G , H are the 

change tendency of u , v , z respectively. Using the 
conversation scheme of the second advection, the 
finite difference equation is as follows: 

, *
, , , ,

, *
, , , ,

, ,2
, ,

,

( ) =

( )

[ ( ) ( ) ( )]

x y
i j x y x

i j x y x i j i j i j

x y
i j x y y

i j x y y i j i j i j

x y

i j i jx y x y
i j y x y i j

x i j

u
m u u u u gz f v E

t
v

m u v v v gz f u G
t

z zz z
m u v u v H

t m m m


    


      

     




    … (10) 

where *
, , ,

y x
i j i j y i j xf f u m v m   . 

In this experiment, it is assumed that an 
equilibrium relation between the wind field and the 
pressure field is satisfied. The initial values of the 
geostrophic wind are shown as follows: 

0
, ,0

0
, ,0

, ,0
,

0
, ,0

, ,0
,

i j i jt

i j i j
i j i jt

i j

i j i j
i j i jt

i j

z z

m g z
u u

f y

m g z
v v

f x








 
    


   
 

   … (11) 

For the prediction of the finite area, the horizontal 
lateral boundary conditions must be given artificially 
in the boundary. In this experiment, the fixed 
boundary conditions are used as boundary 
conditions: 

, , , 0i j i j i ju v z

t t t
  

  
  

  
   … (12) 

where  represents the lateral boundary of the  
forecast areas. 
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To maintain stability, the scheme of the time 
integration uses the frog-loop scheme and the 
difference scheme is as follows: 

1

2
i, i, i,

1
1 2

i, i, i,

2 1
i, i, i,

2

2 t

2 t

n n n
j j j

nn n
j j j

n n n
j j j

t
F F A

F F A

F F A





 


 

  

  

   … (13) 

where A is the change tendency of F . 

The calculation procedures are as follows2: 
(i) Input the 500hPa potential height field 0

,i jz . 

(ii) Calculate the map amplification facto ,i jm and 

Coriolis parameter ,i jf . 

(iii) Calculate the initial values of the geostrophic 
wind 0

,i ju and 0
,i jv . 

(iv) Calculate the change tendency of the wind field 
and the geopotential height field ,i jE , ,i jG and ,i jH . 

(v) Perform the time integration and obtain the 
geopotential height field and the wind field of the 
forecast time. 

The 500hPa initial geopotential height field is 
provided and the forecast is made by the barotropic 
primitive equation, the fixed boundary conditions and 
the conversation scheme of the second advection.  
The map projection is Lamberto and Y  axis is parallel 
to the 90 degree longitude. The X  axis and the Y  
coordinate axis are perpendicular to each other. The 
grid number are M=10,N=10 and the horizontal 

distance is 5d 3 10  . 

In this experiment, the state vector is defined as 

(2,2) (2,3) ( 1, 2) ( 1, 1)( , ,..., , )T
N M N Mz z z z   z . The goal of data 

assimilation is to estimate the unknown initial state 

0 0 (2,2) 0 (2,3) 0 ( 1, 2) 0 ( 1, 1)( , ,..., , )T
N M N Mz z z z    ， ， ， ，z  from a 

certain number of observation data 

,(2,2) ,(2,3) ,( 1, 2) ,( 1, 1( , ,..., , )obs obs obs obs obs T
i i i i N M i N Mz z z z   z  for discrete 

distribution. In this experiment, 10M N  . 

The conversation scheme of the second advection 
is first used to solve the barotropic primitive  
equation. Second, the numerical procedure for 
calculating the cost function is achieved. Third, its 
procedure is modified, which is based on dual-number 
rule in dual-number space. The acquisition process  
of the observation data is as follows: the initial state 
vector is 0 0 (2,2) 0 (2,3) 0 ( 1, 2) 0 ( 1, 1)( , ,..., , )T

N M N Mz z z z    ， ， ， ，z . 

Time interval is [0, 0.1], and time step is 0.001t  . 
The space grid distance is 5d 3 10x    . The state 
value of z  in discrete time series is derived by 
numerical integration and then Gaussian observation 
noise (0, )oN   are superimposed to form the 
observation data. The mean value and standard 
deviation of the noises are 0and o  respectively. If 
the background information is not considered, the cost 
function in discrete form is defined as follows [18]: 

21 1

,
2 2

1ˆ ˆ( )
2

M N
obs

i j i, j
i j

J
 

 

 z z z    … (14) 

In formula (14), M and N represent the grid 
number in x direction and y direction respectively, 

2 represents the Euclidean norm. The initial  
guess of the unknown initial state vector is

0 (538.0,538.0, ,538.0) z . In the process  
of the iterative estimation for the unknown  
initial state vector, to update the unknown  
vector z  every time, the dual-number vector 

,(2,2) 1,(2,2) ,( 2,3) (2,3)ˆ ( , , , , ...,i i iz z    z e e , ( 1 , 2 ) ,i M Nz  

( 1, 1) ,( 1, 1) ( 1, 1), , )M N i M N M Nz       e e has to first be 

constructed, where i, je ( 2,2,..., 2; 2,2,..., 2i M j N    ) 

represents the 64-D unit vector whose j th component 
is 1, and it is input into the numerical dual-number 
model of the barotropic primitive equation to make a 
forward( 0 T ) integration. Second, the cost function
ˆ ˆ( )J z is calculated in dual-number space. Third, the 

real part and the dual part are taken as the values of 
the cost function J and the gradient vector J z , 

respectively. Finally, the conjugate gradient  
algorithm is used to update the value of initial  
state vector [18]. To verify the effectiveness of the 
new method, the state variables from the 5th to the 
10th time steps are selected as the observation data in 
the numerical experiment. 

Figures 2-11 present the experiment results of  
data assimilation for the barotropic primitive equation 
without observation noise. Figures 2-5 present the 
change of the value for the initial wind field 0 (3,9)z ， ,

0 (5,9)z ， , 0 (7,9)z ， and 0 (9,9)z ，  in the iterative estimation 

process, respectively. The true values of the initial 
wind field 0 (3,9)z ， , 0 (5,9)z ， , 0 (7,9)z ，  and 0 (9,9)z ，  are 

525,533,544 and 556, respectively. It can be observed 
from the figures that the iterative value converge to 
the true value, and the other sixty points  have  similar  
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Fig. 2 — The change of initial state (3,9)z with iteration number 

 

 
 

Fig. 3 — The change of initial state 5( ,9)z with iteration number 

 

 
 

Fig. 4 — The change of initial state 7( ,9)z with iteration number 

 
 

Fig. 5 — The change of initial state 9( ,9)z with iteration number 

 

 
 

Fig. 6 — The change of the cost function ( )J z  for the barotropic 

 
results. To avoid redundancy, the results of the other 
sixty points are not given. Figure 6 shows the change 
of the cost function ( )J z with iteration number, and 
Figure 7 shows the change of the gradient normal 

Jz with iteration number. It can be observed from 

the figure that the cost function achieves convergence 
after the second iteration. Figure 8 and 9 show the 
comparison between the predicted pressure field  
after assimilation and the observed pressure field. 
Figure 10 and 11 show the comparison between the 
predicted wind field after assimilation and the 
observed wind field. It can be observed from the 
figures, the predicted field after assimilation, both the 
pressure wind and wind field，are consistent with the  
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Fig. 7 — The change of the gradient norm Jz  for the 

barotropic primitive equation primitive equation 
 

 
 

Fig. 8 — The pressure field 
 

 
 

Fig. 9 — The pressure field after assimilation 

 
 

Fig. 10 — The wind field 
 

 
 

Fig. 11 — The wind field after assimilation 
 

observed field. The value of the initial wind field z is 
rounded to the 6th decimal. The results are shown in 
Table 1 (To avoid redundancy, only 16 points are 
listed). It can be seen from table 1 that the estimated 
value is very close to the true value. 

Theoretically, when the gradient norm of cost 
function on the control variable is 0, the unknown 
initial state vector can take the optimal estimate. By 
analysing the experiment results, the following 
conclusions are obtained: in the case without 
background information and only using minimal 
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observation information, the data assimilation method 
based on dual-number theory can accurately estimate 
the initial wind field of the barotropic primitive 
equation, and its estimation accuracy reaches 6(10 )O   

The advantages of the new assimilation method are 
that coding of the adjoint and tangent-linear models is 
no longer necessary and that the gradient of the cost 
function can be calculated very conveniently and 
accurately by using dual-number theory, whose value 
of the cost function can decline rapidly [18]. Table 1 
shows the estimated value of the initial condition, the 
final value of the cost function and the iteration 
number for the barotropic primitive equation under 
different levels of observation noises. As shown in 
Table 1, when there are no observation errors, the 
estimation accuracy of the wind field is the highest. 
Moreover, the initial wind field value for each point 
can be accurate to the 6th decimal, which verifies the 
effectiveness of the data assimilation method based on 
dual-number theory in estimating the initial height 
field for the barotropic primitive equation. In addition, 
with increasing observation errors, the accuracy of 
data assimilation decreases, but iterative estimation 
results still converge to the true value. When the 
standard deviation of the observation errors is 

0.2o  , the results of data assimilation are still close 
to the true value, and their relative errors are less than
0.02% , which demonstrate that the new data 
assimilation method based on dual-number theory is 
capable of removing noises in the observations. 
 
Conclusion 

To provide an effective initial field for the 
barotropic primitive equation model, a new data 
assimilation method based on dual-number theory is 
proposed. By using dual-number theory, the process 

of gradient analysis is transformed to the computation 
of the cost function in dual-number space, which can 
obtain the value of the gradient vector simply, 
efficiently and accurately. And the value of the cost 
function and its corresponding gradient vectors can be 
obtained simultaneously by only one forward 
computation in dual-number space. Additionally, the 
calculation precision is higher and the calculation cost 
is less. The results demonstrate that the new data 
assimilation method can effectively estimate the 
initial field of the barotropic primitive equation model 
and is capable of removing noises. 
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