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Jug handle bifurcation and complex oscillations in reactive systems
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Bifurcation features and deformation of limit cycles for NaH2P02 + cyclohexanone/
acetone + Mn2+ +Br03 - +H2S04 oscillatory reaction systems have been reported. Acetone system
yields unperturbed limit cycles whereas in the case of cyclohexanone system, the limit cycles are de-
formed and knot is obtained. It is found that quasi periodicity and appearance of loop are not neces-
sarily related. Computer analysis shows that deformation of limit cycle can OCCllI: when there is a
phase difference or new harmonics appear in the time series.

Non-linear chemical dynamics is an area of cur-
rent interest'. The nature of limit cycle and the
bifurcation behaviour seems to be intimately relat-
ed to chemical mechanism-. However, studies on
this aspect are very few and a further probe is im-
perative. In particular, it is desirable to under-
stand how tinkering the hard core of oscillatory
mechanism by (i) induction of some additional
reaction steps or by (ii) acceleration and deaccel-
eration of some steps, can change the oscillatory
features and bifurcation mechanism. The subject
has physiological and medical application as has
been pointed by Milton et al.',

Hopf bifurcation and jug handle (JH) type bi-
furcation are most commonly observed in chemi-
cal systems" - 6. In the former case, at the bifurca-
tion point, time period remains finite but ampli-
tude tends to zero. However in the latter case,
both the time period and amplitude have finite
values. Hence, these can be detected? from the
time series, although other tests are necessary",

Belousov-Zhabotinskii (B-Z) oscillators with
mixed organic substrates? provide examples of
rich dynamic behaviour. If nitrogen is flushed
through the system'PP, it can act as a bromine
scavenger. Thus, Noszticzius et a/.IO reported os-
cillations in oxalic acid +BrO; +Ce4+ + H2S04
system when nitrogen was flushed through the
system. In this case indications of saddle node in-
finite period bifurcation (SNIPER) are observed!"
although Bar-Eli and Noyes" hold the view that
this may not be true. Noszticzius et al.14 have
studied similar systems having glucose + acetone,
arabinose + acetone and H2P02 - + acetone as
mixed substrates and compared the rate of pro-
duction of CO2 in these systems. Quite recently
bifurcation behaviour in a number of systems+",

having mixed organic substrates, has been studied,
in which occurrence of both JH as well as Hopf
bifurcations have been reported. It was thought to
investigate bifurcation characteristic, deformation
of limit cycle and formation of knots" in B-Z sys-
tems having inorganic reductant and ketone as
mixed substrates which also show complex oscill-
ations in certain concentration region. Results of
studies on NaH2P02 + cyclohexanone/acetone
+Mn2 + +Br03 - +H2S04 systems are reported in
this paper from this viewpoint.

Materials and Methods
Chemical used and experimental procedure

were similar to those reported in earlier paper'.
NaH2P02 (AR, Thomas Baker), acetone (GR, E.
Merck) and manganese(II) sulphate monohydrate
(E. Merck) were used as received.

Results and Discussion
A few typical traces of change in potential

against time are recorded in Figs 1 and 2. The
systems also display an upper limit and lower li-
mit of [ketone] between which oscillatory behav-
iour is observed and beyond which the systems
are stable and move toward a focus. The corre-
sponding phase-plane plots are given in Figs 3
and 4. The behaviour of (i) NaH2P02 + acetone
and (ii) NaH2P02 + cyclohexanone systems is dif-
ferent in following respects:

(a) On increasing [cyclohexanone], Increase in
amplitude of redox potential oscillations
along with decrease in Br " potential oscill-
ationis observed whereas in the case of ace-
tone reverse is the case.
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Fig. 1 - Oscillations in redox potential (I) and bromide ion
potential (II) [System: NaH2P02 (11.36 x 10-2 M)+ Mn2+
(1.57x 1O-3M)+ KBr03 (2.5'x 1O-2M)+H2S04 (1.5M)+cyc-
lohexanone=(a) 1.12 x 1O-2M; (b) 1.60 x 1O-2M; (c)
11.2 x 1O-2M; (d) 16.0 x 1O-2M; and (e) 22.35 x 1O-2M);

temp = 32 ±OSC.]

(b) Near the upper limit, redox potential oscill-
ations are complex in the case of cyclohexa-
none.

(c) At the upper limit, Hopf bifurcation is ob-
tained in the case of acetone while JH bifur-
cation is obtained in the case of cyclohexa-
none.

(d) Cyclohexanone system shows that (i) biperi-
odic time series does not necessarily yield a
deformed limit cycle and (ii) a periodic time
series need not always generate an unper-
turbed limit cycle.

The present reaction systems belong to the
class of mixed substrate systems discovered earli-
er by Rastogi and coworkers". However, these
have the novel feature in that the carboxylic acid
is replaced by NaH2P02 which is a strong reduct-
ant.
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Fig. 2 - Oscillations in redox potential (I) and bromide ion
potential (II) [System: NaH2P02 (11.36 x 1O-2M)+ Mn2+
(1.57 x 1O-3M)+ KBr03 (2.5 x 1O-2M) + H2S04 (1.5M)+ace-
tone (=(a) 9.0XlO-2M; (b) 2.25XlO-IM; (c) 2.25M; (d)

7.2M; and (e) 1O.36M) Temp. = 32 ± 0,5°q
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Fig. 3 - Phase-plane plots for the batch reactor [System and
concentrations are the same as given in Fig. 1]
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Fig. 4 - Phase-plane plots for the batch reactor [System and

concentrations are the same as given in Fig. 2)
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Fig. 5 - Plot of computed values of Y against X showing the
appearance of loop [(a) X = 4sin(60t); Y= 5 cos(60t); (b)
X=4sin(6Ot)+2sin(30t); Y=5cos(60t); and (c) X=4sin(60t)

+2sin(90t); Y=5cos(60t))

Hypophosphite can react with HOBr producing
Br2 (see Eq. I) which is scavenged by acetone/
cyclohexanone'.
H+ + 4HOBr+ H2POi - H3P04 + 2Br2 + 2H20

... (I)
while Mn(III} can be reduced to Mn(JI) in steps
(2) and (3) by following two steps
2H20+4Mn(III}+ H2P02- -4Mn(JI}+ H3P04

+ 3H+3 ••• (2)
H20 + Mn(III} + H2P02 - -> Mn(JI} + H2P03 - •••• (3)
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Fig. 6 - Plot of computed values of Y against X, based on
Eqs (5) and (6) showing the distortion of phase-plane when
phase difference is taken into account. [(a)
X = 4sin(30t + 90) + 90)
+2sin(60t); Y=5sin(60t)+2sin(120t); (b) X=4sin(30t)
+ 2sin(60t); Y= 5 sin(60t + 90) + 2sin( 120t); (c) X = 4sin(30t)
+2sin(60t); Y=5sin(60t+ 180)+2sin(120t); and (d) X=4sin

(30t + 360) + 2sin(60t); Y= 5sin(60t) + 2sin( 120t + 360))

The behaviour of cyclohexanone is different in
certain respects with acetone system. Whether this
is due to the fact that cyclohexanone can yield a
radical of the type(I},

-)J 3+ 0 2+HO ~ +F.IPh.n)3 -0 +F.lphon)3

• +
H tH . ,(4)

oo·
(\)

on oxidation with Mn(III} + Br03 - has to be exa-
mined further. It may be noted that evidence for
the cyclohexanone free radical has been obtained
in the following systems. (a}Outer sphere oxidation
of cyclohexanone by tris(polypyridine) complexes
of iron{III} and ruthenium(III} which occurs by the
reaction 16 (4 ).

+ Fe (phen)l+ -0= + Fe (phenh2+ + H+

... (4)
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(b) Ring opening in the case of 2-hydroxycyclo-
hexanone".

Complexity in oscillations is reflected both in
time series and experimentally observed limit cy-
cles. Power spectrum 18 based on Fourier analysis
of the time series enables one to identify the har-
monics and the corresponding amplitudes in the
time series. At the moment, let us try to under-
stand how the limit cycle is perturbed. Figure 3
shows how the limit cycle is perturbed when [ke-
tone 1 is changed leading to the appearance of bi-
periodic attractor. Let us consider how the phase
difference and appearance of higher harmonics
can deform the limit cycle and form knotts)". For
this purpose, we consider the two times series
(Eqs 5 and 6) for the variables X and Y

X = a, sin( WIt + t/>I)+ a2sin( w2t + t/>2)
+ a3sin(w3t + t/>3)+········ •••• + blcos(wlt
+ t/>I)+b2cos( w2t + t/>2)+ •••••••• . .. (5)

Y= a'l sin( W'lt+ t/>'I)+ a'2 sin( W'2t + t/>;)+ a'3 Sin(W'3t
+ t/>~)+ + b'[cos] W'It + t/>'I)+ b'2cos(W'2t
+ t/>;)+ ••••••• . .. (6)

where WI' w2, •••• are the frequencies and t/>'s
are the phase difference; a., a'I' .... and b.,
b'l are constants.

Figure 5(a) shows a limit cycle when X = 4
sin(60t); Y = 5 cos( 60t). When X = 4 sin(60t)
+2sin(30t) or X= 4sin(60t) + 2sin(90t), loop ap-
pears as shown in Fig. 5. It is found that the na-
ture of perturbations depend on the magnitude of
phase difference and number and magnitude of
additional frequencies. Computer plots for a few
more typical cases are given in Fig. 6 which show
the manner in which limit cycle can be distorted
when phase difference appears. One may imagine
that small changes in the chemistry of the reaction
system can bring about changes in the phase angle
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or frequencies. It would be interesting to identify
such chemical effects in the present system.
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